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Abstract 

We define Aoo-bimodules similarly to Tradler and show that this notion is equiv- 
alent to an ^oo-functor with two arguments which takes values in the differential 
graded category of complexes of k- modules, where k is a ground commutative ring. 
Serre Aoo-functors are defined via Aoo-bimodules likewise Kontsevich and Soibel- 
man. We prove that a unital closed under shifts Aoo-category A over a field k 
admits a Serre A^-functor if and only if its homotopy category H°A admits a Serre 
k-linear functor. The proof uses categories enriched in %, the homotopy category 
of complexes of k-modules, and Serre DC-functors. Also we use a new Aoo-version of 
the Yoneda Lemma generalizing the previously obtained result. 



Serre-Grothendieck duality for coherent sheaves on a smooth projective variety was 
reformulated by Bondal and Kapranov in terms of Serre functors [|BK89| . Being an 



abstract category theory notion Serre functors were discovered in other contexts as well, 
for instance, in Kapranov's studies of constructible sheaves on stratified spaces ||K.ap90| | . 
Reiten and van den Bergh showed that Serre functors in categories of modules are related 



to Auslander-Reiten sequences and triangles |[RvdB02| . 

Often Serre functors are considered in triangulated categories and it is reasonable to lift 
them to their origin - pretriangulated dg-categ gories. Soibelman defines 

Serre /Loo-functors in | Soi04j |, based on Kontsevich and Soibelman work which is a sequel 
to |[KS06|| . In the present article we consider Serre A^-functors in detail. We define them 
via Aoo-bimodules in Section |6] and use enriched categories to draw conclusions about 
existence of Serre Aoo-functors. 

Aoo-modules over Aoo-algebras are introduced by Keller | Kel01 |. Aoo-bimodules over 
A^-algebras are denned by Tradler ||Tra01| , [Tra02|| . A^-modules and Aoo-bimodules over 
A^-cate gories over a field were first considered by Lefevre-Hasegawa |LH03|1 under the 
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name of polydules and bipolydules. A^-modules over yloQ-CcitG gories were developed fur- 
ther by Keller |[Kel06|| . We study Aoo-bimodules over yloQ-CcitG gories over a ground com- 
mutative ring k in Section § and show that this notion is equivalent to an A^-functor 
with two arguments which takes values in the dg-category C k of complexes of Ik-modules. 
A similar notion of A^-modules over an A^-category C from Section f| is equivalent to 



an Aoo-functor C — > C k . The latter point of view taken by Seidel |(5ei06| proved use- 
ful for ordinary and differential graded categories as well, see Drinfeld's article |Pri04| , 
Appendix III]. 



Any unital A^-category A determines a DC-category kA |[Lyu03| , |BLM07|| , where DC 



is the homotopy category of complexes of k-modules. Respectively, an A^-functor / 
determines a DC-functor kf. In particular, a Serre A^-functor S : A — > A determines 
a Serre DC-functor kS : kA — > kA. We prove also the converse: if k/l admits a Serre 
DC-functor, then A admits a Serre Aoo-functor (Corollary p.'S\) . This shows the importance 
of enriched categories in the subject. 

Besides enrichment in DC we consider in Section |2] also categories enriched in the 
category gr of graded k-modules. When k is a field, we prove that a Serre DC-functor 

exists in kA if and only if the cohomology gr-category H'A = f H'(kA) admits a Serre 
gr-functor (Corollary |2.16| ). If the gr-category H'A is closed under shifts, then it admits 
a Serre gr-functor if and only if the k-linear category H°A admits a Serre k-linear functor 
(Corollary [2.181 , Proposition |2.21|) . Summing up, a unital closed under shifts Aoo-category 
A over a field k admits a Serre Aoo-functor if and only if its homotopy category H°A admits 
a Serre k-linear functor (Theorem |6.5| ). This applies, in particular, to a pretriangulated 
Aoo-enhancement A of a triangulated category H°A over a field k. 

In the proofs we use a new A^-version of the Yoneda Lemma (Theorem |A.1| ). It 



generalizes the previous result that the Yoneda Aoo-functor is homotopy full and faith- 
ful [[Fuk02| , Theorem 9.1], |[LM04| , Theorem A. 11], as well as a result of Seidel [ |Sci06| , 



Lemma 2.12] which was proven over a ground field k. The proof of the Yoneda Lemma 
occupies Appendix [A[ It is based on the theory of Aoo-bimodules developed in Section |^. 

Acknowledgment The second author would like to thank the Mathematisches For- 
schungsinstitut Oberwolfach and its director Prof. Dr. Gert-Martin Greuel personally for 
financial support. Commutative diagrams were typeset with the package diagrams . sty 
by Paul Taylor. 



0.1. Notation and conventions. Notation follows closely the usage of the book |[BLM07 
In particular, % is a ground universe containing an element which is an infinite set, and 
k denotes a ^-small commutative associative ring with unity. A graded quiver C typi- 
cally means a ^-small set of objects Ob C together with ^-small Z-graded k-modules 
of morphisms Q(X,Y), given for each pair X, Y e ObC For any graded k-module M 
there is another graded k-module sM = M[l], its suspension, with the shifted grad- 
ing (sM) k = M[l] h = M k+l . The mapping s : M — ► sM given by the identity maps 
M k =^ M[l] fc_1 has degree —1. The composition of maps, morphisms, functors, etc. is 
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denoted f g — f ■ g — > — — > = g o f. A function (or a functor) / : X — > Y applied 

to an element is denoted f(x) = xf = x.f = x»f and occasionally fx. 

Objects of the (large) Abelian % -category Ck of complexes of k-modules are % -small 
differential graded k-modules. Morphisms of are chain maps. The category is 
symmetric closed monoidal: the inner hom-complexes C k (X,Y) are ^-small, therefore, 
objects of Ck. This determines a (large) differential graded ^-category C k . In particular, 
C k is a non-small graded % -quiver. 

Speaking about a symmetric monoidal category (C, ®, 1, c) we actually mean the 
equivalent notion of a symmetric Monoidal category (C, <g> 7 , A^) [[Lyu99| , Definitions 1.2.2, 
1.2.14], |[BLM07| , Chapter 3]. It is equipped with tensor product functors ® 7 : (Xi) ie i \— > 
& eI Xi, where I are finite linearly ordered (index) sets. The isomorphisms A-^ : Xi — > 
igjieJ^ie/ i given for any map / : I — > J can be thought of as constructed from the as- 
sociativity isomorphisms a and commutativity isomorphisms c. When / is non-decreasing, 
the isomorphisms A-^ can be ignored similarly to associativity isomorphisms. The coher- 



ence principle of | BLM07 , Section 3.25] allows to write down canonical isomorphisms u c 
(products of A^'s and their inverses) between iterated tensor products, indicating only 
the permutation of arguments ui. One of them, a^z) '■ ®* e/ & eJ Xij — > & eJ & eI is 
defined explicitly in PLM07| , (3.28.1)]. Sometimes, when the permutation of arguments 



reads clearly, we write simply perm for the corresponding canonical isomorphism. 

A symmetric multicategory C is associated with a lax symmetric Monoidal category 
(C, ® 7 , A^), where natural transformations A-^ are not necessarily invertible, see [ BEM07 , 
Section 4.20]. 

The category of graded k-linear quivers has a natural symmetric Monoidal structure. 
For given quivers Q« the tensor product quiver KP e/ Qj has the set of objects Yliei Ob Q« 
and the graded k-modules of morphisms (K i6/ Qi)((Xi) ie/ , (Y$ ieI ) = <S> ieI Qi(Xi,Yi). 

For any graded quiver C and a sequence of objects (X , . . . ,X n ) of C we use in this 
article the notation 

f n sG(X , . . . , X n ) = sG(X , X x ) <g> • • • ® sG(X n ^,X n ), 
T n sG(X ,X n ) = e f n sG(X ,...,X n ). 

When the list of arguments is obvious we abbreviate the notation T n sG(X , . . . ,X n ) to 
T n sG(X , X n ). For n = we set T°sG(X, Y) = k if X = Y, and otherwise. The tensor 
quiver is TsG = ® n ^T n sG = ® n >o(sG)® n . 

An Aoo- category means a graded quiver C with n-ary compositions b n : T n sG(Xo, X n ) —>■ 
sG(X ,X n ) of degree 1 given for all n ^ 1 (we assume for simplicity that b = 0) such 
that b 2 = for the k-linear map b : TsG —> TsG of degree 1 



£ 

r+n+t=k 
r+l+t=l 



g) 6 n ® 1®* : T k sG — > T l sG. (0.1) 
The composition b ■ pi 1 = (0, b\, 6 2 , • • • ) : TsG — > sG is denoted b. 
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The tensor quiver TC becomes a counital coalgebra when equipped with the cut co- 
multiplication A : TC(X, Y) -> ® Ze0he Te(X, Z) (g) k TC(Z, Y), hi ® /i 2 ® • ■ ■ ® /i n i-> 
X)fc=o ® ' " ' ® ^fc (8) ^fc+i <S> ■ • • <S> /i n - The map 6 given by ( p.l|) is a coderivation with 
respect to this comultiplication. Thus b is a codifferential. 

We denote by n the linearly ordered index set{l<2<---<n}. 

An Aoo-functor f : A -> B is a map of objects / = Ob / : Ob .A -> ObB, X i-> X/ 
and k-linear maps / : Ts7l(X, K) — > Ts f S>{Xf,Yf) of degree which agree with the 
cut comultiplication and commute with the co differentials 6. Such / is determined in 
a unique way by its components fk = /pr x : T k sA(X, Y) — > s'B(X f,Y f), k ^ 1 (we 
require that /o = 0). This generalizes to the case of A^-functors with many arguments 
/ : (Ai) ien — > B. Such Aoo-functor is a quiver map / : W &n TsAi — > TsB of degree 
which agrees with the cut comultiplication and commutes with the differentials. Denote 
/ = / . P r x : M ien TsAi -> sB. The restrictions /( fcl)l6n of / to K^T^s^,, are called the 
components of /. It is required that the restriction /00...0 of / to KP en T° sAi vanishes. 
The components determine coalgebra homomorphism / in a unique way. Commutation 
with the differentials means that the following compositions are equal 

(M ien TsAi A Ts'B ^ sB) = (M ien TsA t ^ ► M ien TsAi -4 sB). 

The set of A^-functors (Ai)i^ n — > B is denoted by A co ((yi i ) ien ; 3). There is a natural way 
to compose Aoo-functors, the composition is associative, and for an arbitrary A^-category 
A, the identity Aoo-functor id^. : A — > A is the unit with respect to the composition. 
Thus, Aoo-categories and Aoo-functors constitute a symmetric multicategory Aoo 
Chapter 12]. 

With a family (Ai)f =1 , B of Aoo-categories we associate a graded quiver A DO ((^lj)^ =1 ; B). 
Its objects are A^-functors with n entries. Morphisms are Aoo-transformations between 
such Aoo-functors / and g, that is, (/, g)-coderivations. Such coderivation r can be iden- 
tified with the collection of its components f = r ■ pr 1; thus, 

sAoo(GAi)2=i ;£)(/, g) ~ n C k {(M i ^TsA i )(X,Y),s'B(Xf,Yg)) 

J] C k (® ien [T S yL,(X, YA), s'B((X i ) i&1 f, (Y^g)). 

(x l ) l6n ,(v l ) l6 nGlT l =iObyi l 

Moreover, A QO ((.Aj)" =1 ; B) has a distinguished Aoo-category structure which together with 
the evaluation Aoo-functor 

ev A - : 0A;)? =1 , AooCW^x; B) - B, . . . ,X n , /) ^ (X 1; . . . ,X n )f 

turns the symmetric multicategory Aqo into a closed multicategory |(BLM07|| . Thus, for 
arbitrary Aoo-categ ories (./ij)jgn; (Bj)jg m , C, the map 

°° ■ A 00 ((By) jg m ; A 00 ((yij)jg n ; C)) ► A 00 (( t /lj)jg n , (Bj)jg m ; C), 

/ •— > ((i(U)ien, /) ev A - 
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is bijective. It follows from the general properties of closed multicategories that the 
bijection <£> A °° extends uniquely to an isomorphism of A^-categories 



°° ; Aoo((^Bj)jg m j Aoo((>Aj)j£ n ; C)) > Aoo((.Aj)j en , (Bj)j em ; C) 

with Oby9 A °° = ip Arx . In particular, if C is a unital A^-category, <y9 Ao ° maps isomorphic 
Aoo-functors to isomorphic. 

The components ev A °° k . m of the evaluation A^-functor vanish if m > 1 by for- 
mula ||BLM07| , (12.25.4)]!' For m = 0, 1 they are 



<'v A ;11 : l® i ^T k * S A i (X u Yj}®T s^((A i )U'B)(f,f) 



sS((X i )i 6 n/, 0^W), 



[® ien T fc > S yL 4 (X i? F,)] (g) ^((^"[T^APQ, ^)], sS((X 4 ) jen /, (VOien^)) 



ev^k 



sE((X0ien/,(*iW)]- (0.2 



When {Ai)i =x , 'B are unital A^-categories, we define A^ Q ((^lj)^ =1 ; !B) as a full Aoo-subcat- 
egory of A 00 (( l A i )" =1 ; !B), whose objects are unital A^-functors. Equipped with a similar 
evaluation ev A °° the collection AJ^ of unital A^-categories and unital Aoo-functors also 
becomes a closed multicategory. Similarly to the case of Aoo, there is a natural bijection 

V^ 00 : A^o((Sj)j gm ; A^ ((yit)tg n ; C)) > A^ ((ylj)j gn , (Bj)j gm ; C), 

/ •— ► ((i(U) i6n> /) ev A - 

for arbitrary unital A^-categories (Ai) i&n , (23j)j 6m , C. 

In the simplest version graded spans CP consist of a % -small set Ob s CP of source objects, 
a l^-small set Ob t CP of target objects, and ^-small graded Ik-modules 7(X,Y) for all 
X G Ob s !P, Y 6 Ob t CP. Graded quivers .A are particular cases of spans, distinguished 
by the condition Oh s A = Ob t A. The tensor product CP ® Q of two spans CP, Q exists if 
Ob t CP = Ob s Q and equals 

(CP®Q)(X,Z) = 9(X,Y)® k Q(Y,Z). 



Details can be found in [BLM07 



Next we explain our notation for closed symmetric monoidal categories which differs 
slightly from |[Kel82| , Chapter 1]. 

Let (V, ®, 1, c) be a closed symmetric monoidal ^-category. For each pair of objects 
X, Y e Ob V, let V(X, Y) denote the inner horn-object. Denote by ev v : X®V(X, Y) -> Y 
and coev v : Y — > V(X, X ® y) the evaluation and coevaluation morphisms, respectively. 
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Then the mutually inverse adjunction isomorphisms are explicitly given as follows: 



V(F,V(X, Z)) < — ► V(X(g)Y,Z), 

f l ► (l x ® f) ev x ,z, 

coev x , Y V(X, g) < 1 g. 

There is a V-category V whose objects are those of V, and for each pair of objects 
X and F, the object V(X, Y) G Ob V is the inner hom-object of V. The composition is 
found from the following equation: 

[X <g> V(X, Y) ® V(F, Z) ^> X <g> V(X, Z) Z] 

= [X® V(X, Y) ® V(F, Z) Y ® V(F, Z) Z] . (0.3) 

The identity morphism l x : 1 — > V(X, X) is found from the following equation: 

[X X <g> 1 ^4 X ® V(X,X) — X] = id x . 

For our applications we need several categories V, for instance the Abelian category 
C k of complexes of Ik-modules and its quotient category X, the homotopy category of 
complexes of Ik-modules. The tensor product is the tensor product of complexes, the 
unit object is k, viewed as a complex concentrated in degree 0, and the symmetry is 
the standard symmetry c:X(g>F^F®X, h {—) xy y <E> x. We shorten up 

the usual notation (— l) dc s :r ' dc s^ to (— ) xy . Similarly (— ) x means (— \) dc & x , (— ) x+y means 
^•_-Qdegrr+degj^ e ^ c p or p a j r Q f complexes X and Y, the inner hom-object 0C(X, Y) is 
the same as the inner hom-complex C k (X, F) in the symmetric closed monoidal Abelian 
category C k . The evaluation morphism ev* : X ® 0C(X, Y) — > Y and the coevaluation 
morphism coev* : Y — > 3C(X, X <g> F ) in DC are the homotopy classes of the evaluation 
morphism ev Ck : X ® C k (X, F) — > F and the coevaluation morphism coev Ck : F — > 
C k (X, X ® F) in C k , respectively. 

It is easy to see that fix = and 1^ = l^ k , therefore X = kC k . 

Also we use as V the category gr = gr(k-Mod) of graded k-modules, and the familiar 
category k-Mod of k-modules. 

The following identity holds for any homogeneous k-linear map a : X — > A of arbitrary 
degree by the properties of the closed monoidal category C k : 

{C k (A, B) ® C k (B, C) C k (A C) C k (X, C)) 

= (C k (A, B) ® C k (£, C) C k (X, 5) ® C k (5, C) C k (X, C)) . (0.4) 

Let / : A ® X ^ 5, g : I? ® F ^ C be two homogeneous k-linear maps of arbitrary 
degrees, that is, / G Ck(^4 ® X,B)', g G C k (£> <g> Y,C)'. Then the following identity is 
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proven in [LM04] as equation (A. 1.2): 



(X ® Y —•-—^ ) A®X)<® C k (B, B®Y) 

S^D^X C k (A, B) ® C k (B, C) J=U C k (A, (J)) 
= ( X ® y C k (A, A ® X ® y) C k (A, B®Y)^l C k (A, Q) . (0.5) 

1. V-categories 

We refer the reader to |[Kel82| , Chapter 1] for the basic theory of enriched categories. 
The category of unital (resp. non-unital) V-categories (where V is a closed symmetric 
monoidal category) is denoted V-Qat (resp. V-Gat nu ). 

1.1. Opposite V-categories. Let A be a V-category, not necessarily unital. Its op- 
posite A op is defined in the standard way. Namely, Obyi op = Ob .A, and for each pair of 
objects X, y G Ob .A, A op (X, Y) = A(Y, X). The composition in A op is given by 

^ = [A op (X, Y) ® A op (Y, Z) = A(Y, X) ® A(Z, Y) — % 

A(Z, Y) ® A(Y, X) -^U A(Z, X) = A op (X, Z)\ . 
More generally, for each n ^ 1, the iterated n-ary composition in A op is 

^o P = [tf^A^Xi^Xi) = ® i6l \A(X i ,X i _ 1 ) -^U 

® i6n A(X n _ i+1 ,X n _ i ) J^A(X n ,X Q ) =A op (X ,X n )}, (1.1) 

where the permutation u° = (^n-i "2 1 1) i s the longest element of & n , and c<j° is 
the corresponding signed permutation, the action of u° in tensor products via standard 
symmetry. Note that if A is unital, then so is A op , with the same identity morphisms. 

Let / : A — > 3 be a V-functor, not necessarily unital. It gives rise to a V-functor 
fo P . A o P _^ S o P with Qb /°p = Ob / : Ob .A -> Ob S, and 

/°p= [yi op (x,y) = a{y,x) — Us(y/,x/) = s op (x/,y/)], i.yeObA 

Note that / op is a unital V-functor if so is /. Clearly, the correspondences A 1— > .A op , 
/ /op define a functor — op : V-Qat nu — > V-Cat nit which restricts to a functor — op : 
V-Cat — > V-Cat. The functor — op is symmetric Monoidal. More precisely, for arbitrary 
V-categories Ai, i 6 n, the equation KP 6r \A° p = (IXP ei \A;) op holds. Indeed, the underlying 
V-quivers of both categories coincide, and so do the identity morphisms if the categories 
Ai, i £ n, are unital. The composition in KP ei \A op is given by 

= [{®^Af{x %1 Y t )) ® (® ie vt° p (^)) 

® ien (Ai(Xi, Xi) ® Ai(Zi, Yi)) ^"(^(^y)®^,^)) 
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The composition in (E>3 ien .Aj) op is given by 

m^y* = [(^ ei VL) op ((x) jen , (Y) ien ) ® (^ e VLj op ((Y) ien , (z 4 ) JGn ) 

= (^MY^Xi)) <g> (® ien yU(^,>i)) (® ien ^(^,^)) (g) (^VL^X,)) 



The equation /i^eny^ = /ijaen^jop follows from the following equation in V: 

[(tf^AifaXi)) <g> (® ien A(^,^)) ^ ® ien W^X,) ®^(^,Y)) 

^> ®* en (^(z,, y) ® ^(Y, x,))] 



[(® iea Ai(Yi, Xi)) ® (® i6n yU(^,Yi)) (® i6n A(^i,li)) ® (® <6n A(>i,^i)) 

^ ® ien Y) ® ^(Y, Xi))] : 



which is a consequence of coherence principle of [pLM07| , Lemma 3.26, Remark 3.27]. 



Therefore, — op induces a symmetric multifunctor — op : V-Qat nu — > V-Qat nu which restricts 
to a symmetric multifunctor — op : V-Cat — ► V-Cat. 

1.2. Hom-functor. A V-category A gives rise to a V-functor Hohia : A op Kl .A — > V 
which maps a pair of objects (X,Y) G Ob .A x Ob A to «4(X, Y) G ObV, and whose 
action on morphisms is given by 

v 

Honu = [A op (x, Y) <g> A(U, V) = A(Y, X) ® yi(Z7, Y) 

v(yi(x, to, .a(x, 17) <g> A(Y, X) ® A(t/, V)) ^Mfg^ V(yi(X, -A(Y, V))] . 

Equivalently, Hohi/l is found by closedness of V from the diagram 



A(X, U) ® A(Y, X) ® A(U, V) imom ^ A(X, U)®V(A(X, U),A(Y, V)) 

A(Y, X) ® yi(X, t/) <g> A(t/, Y) — ^ ► A(Y, Y) 

1.3 Lemma. Let A be a V-category. Then 



1.2) 



H omyl op = [a b yi op -^-> /i op m a ^> v] . 
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Proof. Using we obtain: 

Eom A o P = [A(X, Y) ® A op (U, V) = A op {Y, X) <g> A op {U, V) 

^> V(A op (X, U),A op (X, U)®A op (Y,X)®A op (U,V)) 

- (1,(c01) ^° p) > V(A op (X, U),A op (Y, V))] 

V 

= [A(X, Y) ® A(V, U) ^^V(A( y U,X),A(U,X)®A(X,Y)®A( y V,U)) 
where cj° = (13) G 63. Clearly, (c ® l)u;° = (1 <S> c)(c <E> 1), therefore 

HoniAop = [yL(jf, y) ® yi(v, E7) ^>V(yi(c/,x),yL(c/,x)®yi(x,y)®yi(y,c/)) 
= f) ® .a(v; £/) — .a(v, c/) <g> yi(x, r) 

V(yi(C/, X), A(C7, X) ® A(V, U) ® A(X, Y")) gMfg^U V(.A([/, X), yi(V, K))] 

= [a(x,y) ®yi(v;£/) — .a(v; ej) 0yi(i,y)^v(^(t/,i),^(v,F))], 

The lemma is proven. □ 

An object X of A defines a V-functor X : 1 -»• A, * ^ X, *) = 1 -^U A(X, X), 
whose source l is a V-category with one object *. This V-category is a unit of tensor 
multiplication M. The V-functors A(_ 7 Y) = Hom yl (_, Y) : A op -> V and ^.(X, _) = 
Homyi(X, _) : .A — > V are defined as follows: 

.A(_, Y) = [A op A op M 1 ^ A op M A ^> V] , 
A(X,_) = [A IMA ^ A op MA ^V]. 

Thus, the V-functor A(_, Y) maps an object X to A(X, K), and its action on morphisms 
is given by 

A{^Y) = [A op (W,X) =A{X,W) ^> V(A(W,Y),A(W,Y) ®A(X,W)) 

- {1 ' ctlA \ v(A(W,Y),A(X,Y))]. (1.3) 

Similarly, the V-functor A(X, _) maps an object Y to A(X,Y), and its action on mor- 
phisms is given by 

V 

A(X,_) = [A(Y,Z) V(A(X,Y),A{X,Y) ®A(Y,Z)) 

^£%A(X,Y),A(X,Z))]. (1.4) 



1.4. Duality functor. The unit object 11 of V defines the duality V- functor V(_, 1) = 
Homv(_, 1) : V op -> V. The functor V(_, 1) maps an object M to its dual V(M, 1), and 
its action on morphisms is given by 



V(l,c) 

> 



V(_,l) = [V op (M,iV) = V(iV,M) ^V(V(M,1),V(M,1)®V(JV,M)) 

V(V(Af,l),V(iV,Af) g) V(M,t)) V(V(M,l),V(iV,l))]. (1.5) 

For each object M there is a natural morphism e : M — + V(V(M, 1), 1) which is a 
unique solution of the following equation in V: 

V(M, 1)®M — ► M ® V(M, 1) 

l®e 

V(M, 1) (g V(V(M, 1), 1) — ^ ► 11 

Explicitly, 

e = [M ^> V(V(M, 1), V(M, 1) ® M) 

V(V(M, 1), M <g> V(M, 1)) - (1 ' evV) > V(V(M, 1), 1)] • 
An object M is reflexive if e is an isomorphism in V. 

1.5. Representability. Let us state for the record the following 

1.6 Proposition (Weak Yoneda Lemma). Let F : A — > V be a V-functor, X an object 
of A. There is a bijection between elements of F(X), i.e., morphisms £ : 1 — » F(X), 
and natural transformations A(X, S) —>■ F : A —>■ V_ defined as follows: with an element 
t : 1 — > F(X) a natural transformation is associated whose components are given by 

A(X, Z) F(X) ® V(F(X), F(Z)) F(Z), Z G Ob A. 

In particular, F is representable if and only if there is an object X G Ob A and an element 
t : 1 — > F(X) such that for each object Z G ObTl the above composite is invertible. 



Proof. Standard, see |[Kel82|, Section 1.9]. □ 



2. Serre functors for V-categories 

Serre functors for enriched categories are for us a bridge between ordinary Serre functors 
and Serre A^-functors. 
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2.1. Serre V-functors. Let C be a V-category, S : C 
natural transformation ip as in the diagram below: 



C a V-functor. Consider a 




(2.1) 



V(_,l) 



The natural transformation ip is a collection of morphisms of V 

^x,y ■ t->v(e(x,YS),v(e(Y,x),t)), x,y e obe. 

Equivalently, -0 is given by a collection of morphisms ^x.y : C(X, yS 1 ) — > V(C(Y,X),1) 
of V, for 1,7 G Ob C. Naturality of ip may be verified variable-by- variable. 

2.2 Definition. Let C be a V-category. A V-functor S : C — > C is called a ng/it .Serre 
functor if there exists a natural isomorphism ^ as in ( |2.1| ). If moreover S is a self- 
equivalence, it is called a S'erre functor. 

This terms agree with the conventions of Mazorchuk and Stroppel [[MS05 and up to 

lvdB02||. 



taking dual spaces with the terminology of Reiten and van den Bergh 

2.3 Lemma. Let S : C — > C be a V-functor. Fix an object Y of G. A collection of 
morphisms (ipx,Y '■ G(X, YS) V(C(Y, X), l))xeObe °fV I s natural in X if and only if 



i) Xy = [e(x, ys) v(e(y x), e(Y, x) ® e(x, ys)) 



> 

V(1,ty) 



v(g(y, x), e(y ys)) v(e(y, x), i)] , (2.2) 



wiere 



r y = [e(y ys) ^ e(y, y) ® e(y ys) e(y y) ® v(e(Y, y), i) 1] . (2.3) 



Proof. The collection (V ; x,y)xGObe is a natural V-transformation 

gop 6(_,YS) 




e(y,.) op 



if the following diagram commutes: 

G(Z,X) — 



e(.,ys) 



e(Y-) 



v(e(yz),e(yx)) 



V(-,l) 



-> v(e(x,ys),e(z, ys)) 
v(e(x,ys),v(e(y^),i)) 

V(V>x,r,l) 

v(v(e(y,x),i) ) v(e(yz),i)) 
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By closedness, this is equivalent to commutativity of the exterior of the following diagram: 

i®e(-,ys) 



e(x,YS) ® e(z,x) 



v(g(y,x),i)®g(z,x) 

i®e(y,_) 

v(e(F,x),i)® 
®v(e(y,z),e(r,x)) 



1<S>V(.,1) 



v(e(y,x),i)® 

®v(v(e(r,x),i),v(e(F,z),i)) 



e(x,Y£)<g> 



e(z,x)® g(x,ys) 



Ik: 



g(z,ys) 



g(z,x)®v(g(y,x),i) 

e(y,.)®i 

v(e(r,z),e(F,x))® 
®v(e(F,x),i) Mv 



v(e(y,z),i) 



The right upper quadrilateral and the left lower quadrilateral commute by definition 
of C(_, YS) and V(_, 1) respectively, see ( |1.3|) and its particular case (|1.5|) . Since c is 
an isomorphism, commutativity of the exterior is equivalent to commutativity of the 
pentagon. Again, by closedness, this is equivalent to commutativity of the exterior of the 
following diagram: 



e(Y, z) ® e(z, x) <g> g(x, ys) 



1(g) fl e 



g(y, z) ® e(z, ys) 



!<8>l<8)il>x,Y 



1®4>Z,Y 



G{Y, Z) <g> G(Z, X) <g> V{G(Y, X), 1 



ig>e(y,_)®i 




e(r,z)®v(e(F,z),a) 



G(Y, Z) <g> V(G(Y, Z), G(Y, X)) ® V(G(Y, X), 1) ^—^ G(Y, X) <g> V(C(F, X), 1 



The triangle commutes by definition of C(Y, _), see ( |1.4| ). It follows that naturality of T/>_ y 
is equivalent to commutativity of the hexagon: 



e(F, z) ® g(z, x) ® g{x, ys) ^ efe - y > e(v, z) <g> v(e(y, z), i) 



Me®fe,y 

e(F,x)®v(e(y,x),i) 



(2.4) 



1 
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Assume that ip-,Y is natural, so the above diagram commutes, and consider a particular 
case, Z — Y. Composing both paths of the diagram with the morphism l y eg) 1 ® 1 : 

e(Y, x) ® e(x, ys) -> e(y, y) ® e(y x) ® e(x, ys), we obtain: 



e(y x) ® e(x, ys) — ^ e(y ys) 



(2.5) 



e(y,x)®v(e(yx),i) 



where ry is given by expression Q2.3|). By closedness, the above equation admits a unique 
solution ipxY, namely, 



Assume now that ipx,Y is given by ( |2.2| ). Then ( |2.5| ) holds true. Plugging it into 
whose commutativity has to be proven, we obtain the equation 



e(y, z) ® e(z, x) ® e(x, ys) 



e(yx) tg>e(x,ys) 



e(y, z) ® e(z, ys) e(y ys) 



e(y, K5) 



which holds true by associativity of composition. □ 

2.4 Lemma. Let S* : C — > C be a V- functor. Fix an object X of C A collection of 
morphisms (ipx,Y '■ G(X,YS) — > V(C(y X), l))y e0 be of V is natural in Y if and only if 
for each Y e Ob C 



= [e(x, ys) v(e(y x), e(y x) ® e(x, ys)) 



V(1,S®1) 



v(e(y x), e(ys, xs) ® e(x, ys)) - (1 ' CMe) > v(g(y, x), e(x, xs)) 



V(l,r x ) 



v(e(y,x),i)l, (2.6) 



where r x is given by (|2.3|) . 

Proof. Naturality of ipx,- presented by the square 

s 




is expressed by commutativity in V of the following diagram: 

s 



G(Y,Z) 

e(.,x) 

V(G(Z,X),e(Y,X)) 

V(_,l) 



► G(YS, ZS) 

e(x,_) 

V(G(X,YS),e(X, ZS)) 

V(l,fe,z) 



v(V(e{Y, x), i), v(e(z, x), a)) ~ (fe ' y ' 1} > v(e(x, ys),v(g(z, x), a)) 
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By closedness, the latter is equivalent to commutativity of the exterior of the diagram 
displayed on the following page. Since c is an isomorphism, it follows that the polygon 



marked by \*J is commutative. By closedness, this is equivalent to commutativity of the 
exterior of the following diagram: 



e(z, x) ® e(x, ys) ® e(Y, z) 



1®1®S 



e(z, x) ® e(x, ys) ® e(ys, zs) 



1®C 



e(z, x) ® e(y, z) g> e(x, ys) 



1®1®V'X,Y _ 



e(z, x) ® e(Y, z) <g> v(e(K, x), i) 



i®e(_,x)®i 



e(z,x) ® e(x, zs) 



l®i/>x,z 



e(z,x) ®v(e(z,x),i) 



e(z, x) ® v(e(z, x), e(y, x)) ® v(e(Y, x), i) 



ev v (gll 



e(r,x)®v(e(y,x),i) 

The triangle commutes by ( |1.3|) . Therefore, the remaining polygon is commutative as 
well: 



e(z, x) <g> e(x, ys) <g> e(Y, z) 

(123)~ 

e(y, z) ® e(z, x) ® e(x, ys) 
e(y,x)® e(x,ys) 
e(y,x)®v(e(y,x),a^ 



1®1®S 



e(z, x) <g> e(x, ys) ® g(ys, zs) 

l®Me 

e(z,x) ®e(x, zs) 
e(z,x)®v(e(z,x),i) 



(2.7) 



Suppose that the collection of morphisms (V>x,y : C(X, YS 1 ) — ► V(C(Y, X), l))reObe 
is natural in Y. Consider diagram (|2.7f) with Z = X. Composing both paths with the 
morphism if <g> 1 g> 1 : G(X,YS) <g> C(Y,X) -> C(X,X) <g> C(X, YS) ® C(Y,X) gives an 
equation: 



e(yx)® e(x,YS) 

1®^X,Y 

e(yx)®v(e(y,x),i) 



S®1 



e(ys, xs) <g> e(x, ys) ^ e(x, xs) 



(2.8) 



1 
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e(x, ys) ® e(y, z) 



v(e(y,x),i)®e(y,z) 



i®e(.,x) 



v(e(y,x),i 
®v(e(z,x),e(y,x)) 



1®V(_,1) 



v(e(y,x),i)® 

®v(v(e(y,x),i),v(e(z,x),i)) 



^ e(JC , y S) 9 e<y s , ZS) ^ |™ _ e(A . zs) , 




e(y, z) e(x, ys) 



e(_,x)®i 



v(e(z,x),e(y,x))<g 
<8>v(e(y,x),i) 



Me 



e(y,z)(g)V(e(y,x),i) [* 



e(x, zs) 



■>Px,z 



v(e(z,x),i) 



The only solution to the above equation is given by ( |2.6|) . 

Conversely, suppose equation ( |2.8| ) holds. It suffices to prove that diagram (|2 
commutative. Plugging in the expressions for (1®iPx,y) eyV anc ^ 0-®i } x,z) eyV into 
we obtain (cancelling a common permutation of the factors of the source object): 



is 



e(x, ys) <g> e(Y, z) ® g(z, x) 



e(x,YS)® e(Y,x) 

1®S 

e{x,YS)®e{YS,xs) 

fie 

e(x,xs) 



e(x, ys) ® e(rs, Z5) ® e(zs, xs) 

Me® 1 

e(x, zs) ® e(zs,xs) 

Me 

e(x,x5) 



~x 



1 



Commutativity of the diagram follows from associativity of /xg and the fact that S is a 
V-functor. The lemma is proven. □ 

2.5 Proposition. Assume that S : Q — > C is a V-functor, and if) is a natural transforma- 
tion as in fl2.1|) . Then the following diagram commutes (in V): 



e{Y,x) 



V{V(G(Y,X),1),1) 



g(ys, xs) ^ s ' x > y_(e(x, ys), a) 

In particular, if for each pair of objects 1,7 6 Ob C the object G(Y, X) is reflexive, and 
if) is an isomorphism, then S is fully faithful. 

Proof. By closedness, it suffices to prove commutativity of the following diagram: 

l®e 



e(x,YS) ® e(Y,x) - 

1®S 

e{x,YS)®e{YS,xs) 



e(X,YS) ®V(Q(X,YS),l) 



e(x,YS)®v(V(e(Y,x),i),i) 

l®V(^x,y,l) 

e{x,YS) ®v(e(x,YS),i) 
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Using ( |2.5|) and the definition of e, the above diagram can be transformed as follows: 



e(x,YS) ® e(Y,x) 



e(Y,x)®e(x,YS) 



1<3>S 



e(x, ys) <g> e(F5, xs) e(r, x) ® v(e(Y, x), i) 



Me 



e(x,xs) 



It is commutative by (|2] 



□ 

Proposition |2.5| implies that a right Serre functor is fully faithful if and only if C is horn- 
reflexive, i.e., if Q(X, Y) is a reflexive object of V for each pair of objects X, Y G Ob C. If 
this is the case, a right Serre functor will be a Serre functor if and only if it is essentially 
surjective on objects. The most natural reason for hom-reflexivity is, of course, k being a 
field. When k is a field, an object C of gr(k-vect) is reflexive iff all spaces C n are finite- 
dimensional. The ring k being a field, the homology functor H' : % — > gr(k-vect) is an 
equivalence (see e.g. ||GM03| , Chapter III, § 2, Proposition 4]). Hence, an object C of % is 
reflexive iff all homology spaces H n C are finite-dimensional. A projective module of finite 
rank over an arbitrary commutative ring k is reflexive as an object of a rigid monoidal 
category |pM82j , Example 1.23]. Thus, an object C of gr(k-Mod) whose components C n 
are projective k-modules of finite rank is reflexive. 

2.6 Proposition. Let C be a V-category. There exists a right Serre V-functor S : C — > C 
if and only if for each object Y G Ob C the V-functor 



Hom e (Y, _) op ■ v(_, i) = v(e(y, _) op , 1) : C op -> V 



is representable. 



Proof. Standard, see [Kel82, Section 1.10]. 



□ 



2.7. Commutation with equivalences. Let C and C be V-categories with right Serre 
functors S : C — ► C and S' : C — > C, respectively. Let t/> and ■0' be isomorphisms as in 
(O- For objects yeObC, ZG ObC, define r y , by Q. Let T : C -> C be a 
V-functor, and suppose that T is fully faithful. Then there is a natural transformation 
x : ST — > TS' such that, for each object Y G Ob C, the following equation holds: 

[e(y, YS) C'(YT, YST) e,(yT,J<) > C(YT, YTS") 1] = 7y. (2.9) 
Indeed, the left hand side of equation (|2.9| ) equals 

[e(y, rs) — e'(FT, fst) e'(rr, fst) ® e'(YST, yts') 

J^Ue'(YT,YTS') -^i]. 
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Using relation (|2.5| ) between t' yt and ^'ystyti we § e ^ : 



[G(Y, YS) G'(YT, YST) ^> G'(YT, YST) ® e'(YST, YTS 1 ) 



e'(Fr,ysr) ® v(e'(yr,ysr),i) 



Therefore, equation ( j2.9|) is equivalent to the following equation: 



[G{Y, YS) ^> C(Y, YS) ® e'(YST, YTS 

G(Y, YS) <g> V(C(YT, YST), 1) imT >*\ e(y, ys) (g V(e(F, YS), 1) 1] = r y . 



It implies that the composite 



1 



c'(yst, yts 



I \ ^YST,YT 



V(G'(YT, YST),1) 



V{T,Z) 



V(G(Y,YS),ti) 



is equal to Ty : 1 — > V(C(Y, YS), 1), the morphism that corresponds to Ty by closedness 
of the category V. Since the morphisms iP'ystyt an d Y(T, 1) are invertible, the morphism 
xy : 11 — > G' (YST, YTS') is uniquely determined. 

2.8 Lemma. The transformation x satisfies the following equation: 



$ XtY = [G(X, YS) — G'(XT, YST) 



C(jfr,x) 



G(XT, YTS') 



V(G'(YT, XT), 1) ^1 V(G(Y, X), 1)] 



for each pair of objects X, Y G Ob C. 

Proof. The exterior of the following diagram commutes: 

G(Y, YS) 



-> 11 



Me 



T 



G(Y, X) <g> G(X, YS) G'(YT, YST) 



&(yt,x) 



G'(YT, YTS') 



I'ti' 



G'iYT, XT) ® G'(XT, YST) m&{XT ^\ Q'(YT, XT) ® G'(XT, YTS') 

The right upper square commutes by the definition of x, commutativity of the lower 
square is a consequence of associativity of hqi. The left quadrilateral is commutative 
since T is a V-functor. Transforming both paths with the help of equation (|2.5| ) yields 
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the following equation: 



[e(y,x)®e(x,YS) 



l($>1pX,Y 



e{Y,x)®v{e{Y,x),i) 



[G(Y, X) <g> G(X, YS) G'(YT, XT) <g> C'(AT, yST) 



i®e'(XT,x) 



e'(FT, XT) <g> C'(AT, YTS') 



l(g></>' 



e'(yr, at) ® v(e'(yr, at), i) 



[e(y a) ® e(A, ys) e(y a) ® c'(at, yst) 
18g(Jfr,x) ) e(y a) ® e^AT.yrs') 1 ®^ T ' yT > e(y,A) ® v(e'(yT, at),i) 



1®V(T,U) 



e(Y,x)®v(e(Y,x),i) 



The required equation follows by closedness of V. 



□ 



2.9 Corollary. If T is an equivalence, then the natural transformation x : ST — > TS" is 
an isomorphism. 

Proof. Lemma implies that &(XT,x) : C'(AT,yST) -> C'(AT, XTS') is an isomor- 
phism, for each A e Ob C. Since T is essentially surjective, it follows that the morphism 
&{Z,x) : Q'(Z,YST) -> C'^YTS') is invertible, for each Z G Ob C, thus x is an 
isomorphism. □ 

2.10 Corollary. A right Serre V-functor is unique up to an isomorphism. 

Proof. Suppose S, S' : C — > C are right Serre functors. Applying Corollary to the 
functor T = Ide : C — > C yields a natural isomorphism x : S — > S'. □ 

2.11. Trace functionals determine the Serre functor. Combining for a natural 
transformation ip diagrams ( |2.5| ) and ( |2.8| ) we get the equation 



e(y,A) ® e(x,YS) 

sm 



I hi 



e(y ys) 



t 



TX 



(2.10) 



q(ys, xs) <g> e(A, ys) e(A, ys) ® e(ys, as) e(A, as) 

The above diagram can be written as the equation 

e(A, ys) ® e(y a) -^£> e(A, ys) ® e(ys, as) 

c = <t>YS,X 

e(y a) ® e(A, ys) ^ > i 

When S is a fully faithful right Serre functor, the pairing 

x ,y = [e(y a) ® e(A, ys) e(y ys) a] 
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(2.11) 



(2.12) 



is perfect. Namely, the induced by it morphism Vx,y : Q(X,YS) — > V(C(y, X), 1) is 
invertible, and induced by the pairing 

c ■ <\> xy = [e(x, ys) ® e(Y, x) e(Y, x) <g> e(x, ys) ^ 1] 

the morphism ip' : G(Y, X) — ► V(C(X, yS), 1) is invertible. In fact, diagram (|2.11| ) implies 
that 

if/ = [e(Y, x) — U g(ys, xs) v(e(x, ys), a)] . 

Diagram ( j2.11j ) allows to restore the morphisms S : Q(Y, X) — > G(YS,XS) unambigu- 
ously from Ob S and the trace functionals r, due to ipys,x being isomorphisms. 

2.12 Proposition. A map Ob S and trace functionals tx, X G Ob C, such that the 
induced ipxy from (|2.2|) are invertible, define a unique right Serre V- functor (S^xy)- 



Proof. Let us show that the obtained morphisms S : G(Y,X) — > G(YS,XS) preserve the 
composition in C. In fact, due to associativity of composition we have 

[e(x, zs) ® e(z, y) <g> e(y, x) e(x, zs) ® e{zs, ys) ® e(ys, xs) 

l®Me n; v ry c\ *-x n ( r7 C* <f>ZS,X 



e(x, z5) ® e(zs, xs) a] 
[e(x, zs) <g> e(z, y) <g> e(y, x) e(x, zs) <g> e(zs, ys) <g> e(ys, xs) 

^ C(X, K5) <g> G(YS, XS) C(X, XS) -^u 1] 

[e(x, z5) ® e(z, y) ® e(y, x) (10501)(Ate01) > e(x, ys) ® e(y, x) 

e(x, ys) ® q(ys, xs) e(x, xs) -^-> a] 
[e(x, zs) ® e(z, Y) <g> e(y x) (1 ^ 01)(Me01) > e(x, ys) ® e(y x) 

e(y x) ® e(x, ys) e(y ys) -^U a] 
[e(x, zs) is e(z, y) <g> e(y x) (123)c(1 ®^ 5) > e(y x) ® e(x, zs 1 ) ® e(zs, ys 1 ) 

^ e(y, x) <g> e(x, ys) e(y ys) -^u a] 
[e(x, zs) <g> e(z, y) <g> e(y x) (123)c(1 ^ 1$s5) > e(y x) <g> e(x, zs-) <g> e(zs, ys) 

^ e(y Z5) ® e(zs, ys) e(y ys) -^U a] 
[e(x, zs) <g> e(z, y) <g> e(y x) (123)c(Me01) > e(y, zs) <g> e(z, y) 

— e(y zs) <g> e(zs, ys) e(y ys) -^u a] 
[e(x, zs) ® e(z, y) ® e(y, x) (123)c(Me81) > e(y, zs) ® e(z, y) 

-^-> e(z, y) ® e(y, zs) e(z, zs) a] 
[e(x, zs) ® e(z, y) ® e(y x) e(z, y) ® e(y x) ® e(x, zs) 

^ e(z, y) ® e(y, zs) e(z, zs) -^-> i] . 
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On the other hand 



[e(x, zs) ® e{z, y) ® e(Y, x) e(x, zs) <g> e(z, x) 



1®S 



e(x, zs) <g> e(zs, xs) i] 



[e(x, zs) <g> e(z, y) <g> e(y, x) ^ e(x, zs) ® e(z, x) 



e(z, x) ® e(x, zs) 



[e(x, zs) <g> e(z, y) <g> e(y, x) e(z, y) ® e(y x) ® e(x, zs) 



[e(x, zs) <g> e(z, y) <g> e(y, x) e(z, y) ® e(y x) ® e(x, zs) 



e(z, x) ® e(x, zs) e(z, zs) i] 



l<g>Me 



* e(z, y) ® e(y, zs) e(z, zs) i] . 

The last lines of both expressions coincide, hence (S <8> S)/ie = fj.eS. 

Let us prove that the morphisms S : C(X, X) — > C(XS, XS) of V preserve units. 
Indeed, the exterior of the following diagram commutes: 




_e(x, xs) 



rx 



t 



fie 



e(x,xs)®i 



l<S>lx 




e(x,x) ® e(x,xs) 



e(x,xs) <g> e(x,x) 



1®S 



e(x, xs) (8> e(xs, xs) e(x, xs) 



Therefore, both paths from C(X, XS) to 1, going through the isomorphism A 1 ■ , sides of 
triangle marked '1®?', llq and Tx, compose to the same morphism tx- Invertibility of 
if>x,x implies that the origin '?' of the mentioned triangle commutes, that is, 

i xs = [i e(x, x) e(xs, xs)] . 

Summing up, the constructed S : C — > C is a V-functor. Applying Lemma |2.cS| we 
deduce that t/>_ y is natural in the first argument for all objects Y of C. Recall that ipx,Y 
is a unique morphism which makes diagram ( |2.5| ) commutative. Due to equation ( |2.1(J| ) 
ipx,Y makes commutative also diagram (|2.8|) . This means that if>x,Y can be presented also 
in the form (|2.6| ). Applying Lemma |2.4| we deduce that if>x,- is natural in the second 
argument for all objects X of C. Being natural in each variable if) is natural as a whole 
Kd82l Section 1.4]. □ 
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2.13. Base change. Let V 



(V,<A^), w 



(TV, ®^y, A(y) be closed symmetric 



Monoidal % -categories. Let (B, (3 1 ) : (V, ®y, A^) — > (W, ®(y, A{y) be a lax symmetric 
Monoidal functor. Denote by B : V — > W the corresponding multifunctor. According to 
Man07|| , {B,(3 T ) gives rise to a lax symmetric Monoidal Cat-functor (B*,j3l) : V-Cat — > 



W-Cat. Since the multicategories V and W are closed, the multifunctor B determines 
the closing transformation B_. In particular, we have a W-functor B*V_ — > W, X t— > BX, 
which is denoted by B_ by abuse of notation, whose action on morphisms is found from 
the following equation in W: 



[BX ® B(V{X, Y)) BX <g> W{BX, BY) BY] = B(ev 



(2.13) 



Let .B* : V-Qat — > W-Cat denote the symmetric Cat-multifunctor that corresponds to the 
lax symmetric Monoidal Cat-functor (B*, fil). Clearly, B* commutes with taking opposite. 

In the sequel, the tensor product in the categories V and W is denoted by <g>, the unit 
objects in both categories are denoted by 1. 

Let A be a V-category. We claim that the W-functor 



i^Honu-J? = [B m (A) 



op 



B,(A) B * nomA > B*V^- 



W] 



coincides with Hom^yi. Indeed, both functors send a pair of objects (X, Y) G ObAxObA 
to the object B(A(X,Y)) = (B,A)(X,Y) of W. Applying B to equation Q yields a 
commutative diagram 

1®B Honu 

B(A(X,U))®B(A(Y,X))®B(A(U,V)) > B(A(X,U))®BV(A(X,U),A(Y,V)) 



c®l 



B(A(Y,X))®B(A(X,U))®B(A(U,V)) 



B(ev v ) 
-> B(A(Y,V)) 



Expanding 5(ev v ) according to ( |2.13| ) we transform the above diagram as follows: 

l®B~Rom A ■_§ 

B{A{X,U))®B{A(Y,X))®B{A(U,V)) > B(A(X,U))®W(B(A(X,U)),B(A(Y,V))) 



B(A(Y,X))®B(A(X,U))®B(A(U,V)) 



B(A(Y,V)) 



It follows that the functors B* Honi/i -B_ and Hom^yi satisfy the same equation, therefore 
they must coincide by closedness of W. 

There is a natural transformation of W-functors (' as in the diagram below: 

C' 



{B)° 




B 



W op jgugj , w 
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For each object X, the morphism (' x : 5(V(X, 1)) — > W(5X, 51) in W comes from the 
map 5(ev v ) : 5X <g> 5V(X, 1) -> 51 by closedness of W. In other words, C' x = B, 
Naturality of £' is expressed by the following equation in W: 



BV{Y, X) 



W(BY, BX) 

W(.,S1) 



BV(.,1) 



W(W(5X,51),W(5y,51)) 



5V(v(x,i),v(y,i)) 



w(5V(x,i),5V(y,i)) 

w(i,C{0 

w(5V(x,i),w(5y,5i)) 



By closedness of W, it is equivalent to the following equation: 



1®BV(.,1) 



BV(X, 1) <g> 5V(y X) 

w(5x, 5i) ® w(5y 5X) 

1®W(-. S1 ) 

W(5X, Bl) ® W(W(5X, 51), W(5y 51)) 
By ( |I~3|) , the above equation reduces to the equation 



5V(X, 1) <g> 5V(V(X, t),V(Y, 1)) 



B(ev v ) 



5V(y, i) 
w(5y 5i) 



5V(y X) ® 5V(X, 1) 



B YX ®B X „ 



W(BY, 5X) <g> W(5X, 51) 



5V(y i) 

M.Y,% = Cy 

W(5y 51) 



which expresses the fact that 5 : 5* V — > W is a W-functor. 

Suppose that (3® : 1 — > 51 is an isomorphism. Then there is a natural isomorphism 
of functors 

W(l, (/3 )- 1 ) : W(_, 51) -> W(_, 1) : W op -> W. 
Pasting it with £' gives a natural transformation £ as in the diagram below: 



5,V op 5*V 




(2.14) 



2.14 Proposition. Suppose ( is an isomorphism. Let G be a V-category, and suppose 
S : C — > C is a right Serre V-functor. Then B*(S) : 5^(6) — > 5*(C) is a right Serre 
W-functor. 
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Proof. Let ip be a natural isomorphism as in (|2.1|) . Applying the Cat-multifunctor B* and 
patching the result with diagram ( |2.14j ) yields the following diagram: 

5*(C) op B 5,(6) £*(C) op B 5,(6) 



(2.15) 




Since 5* Home -J? = Horn^e) and B* Hom e o P -B_ = Hom Bt ( e )o P , we obtain a natural 
transformation 

£?*(C) op B 5,(6) £?*(C) op B 5,(6) 



Hom- {e)op 




W(_,l) 



Horn 



B,(e) 



W 



It is invertible since so are ?/> and (. It follows that a right Serre V- functor 5 : C — > C 
induces a right Serre W-functor B*(S) : i?*(C) — > 5,(6). □ 



2.15. Prom 3C-categories to gr-categories. Consider the lax symmetric Monoidal 
base change functor (H*, k 1 ) : X — > gr, X i— ► = (H n X) ne z, where for each / e Ob S 
the morphism : H*Xi — > /f ® tG/ Xj is the Kiinneth map. There is a gr-functor 
H' : H*X — > gr, X i— > H'X, that acts on morphisms via the map 

3C(X[-n], F) = H n X(X, Y) -> gr(fTX, fTF) n = JJ k-Mod f/f^X F d F) 

which sends the homotopy class of a chain map / : X[— n] — > F to (H d (f)) c i £ x- Note that 
ff* preserves the unit object, therefore there is a natural transformation 

H'% op H '*- { -' k \ h:% 




Explicitly, the map Cx = iJ'^ : H'(X(X, 

by its components 



X(X[-n),k) = H n X(X, 



gr(H'X, 



gr 

gr(H'X,H'k) -- 

k-Mod (H~ n X, 1 



gr(iJ*X, k) is given 



In general, £ is not invertible. However, if k is a field, ( is an isomorphism. In fact, in this 
case H' : X —>■ gr is an equivalence. A quasi-inverse is given by the functor F : gr — ► X 
which equips a graded k-module with the trivial differential. 
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2.16 Corollary. Suppose k is a field. Let S : C — > C be a (right) Serre %-functor. Then 
H'(S) : H*(G) — > H*(Q) is a (right) Serre gr-functor. Moreover, H' reflects (right) 
Serre functors: if H*(G) admits a (right) Serre gr-functor, then C admits a (right) Serre 
%-functor. 



Proof. The first assertion follows from Proposition |2.14| . For the proof of the second, 
note that the symmetric Monoidal functor F : gr — ► DC induces a symmetric Monoidal 
Cat-functor : gr-Cat — > DC-Cat. The corresponding DC-functor F_ : F*gr — > DC acts 
as the identity on morphisms (the complex %(FX, FY) carries the trivial differential 
and coincides with gr(X, Y) as a graded Ik-module). Furthermore, F preserves the unit 
object, therefore Proposition |2.14] applies. It follows that if 5 : H'(G) — > H'(Q) is a right 
Serre gr-functor, then F^S) : F*H'(Q) — > F*H'(Q) is a right Serre DC-functor. Since the 
DC-category F*H'(G) is isomorphic to C, the right Serre DC-functor -F*(S) translates to a 
right Serre DC-functor on C. □ 

2.17. From gr-categories to k-categories. Consider a lax symmetric Monoidal base 
change functor (X, v 1 ) : gr — > k-Mod, X = (X n ) ne % i— > X°, where for each / G Ob S the 
map v 1 : <g> ie/ XX; = <g> ie/ X° -> X<g> ie/ X; = n l= o^T l is the natural embedding. The 

k-functor X : X„gr — > k-Mod , X i— > XX = X°, acts on morphisms via the projection 

Xgr(X, F) = gr(X, F)° = JJ k-Mod (X d , F d ) 

-> k-Mod (X°, K°) = k-Mod (XX, NY). 
The functor X preserves the unit object, therefore there exists a natural transformation 

N,gr(Jk) 

X,gr op — > JV*gr 



(JV)°P 




N 



k-Mod °P — ( -' k) : k-Mod 

Explicitly, the map = X x k is the identity map 

Xgr(X, k) = gr(X, k)° -> k-Mod (X°, k) = k-Mod (XX, k). 

2.18 Corollary (to Proposition |2.14|) . Suppose S : C — » C is a rigit Serre gr-functor. 
Tien X*(S) : X*(e) -> X*(C) is a rigM Serre k-functor. 

If N(G) possess a right Serre k-functor, it does not imply, in general, that C has a right 
Serre gr-functor. However, this will be the case if C is closed under shifts, as explained 
in the next section. 
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2.19. Categories closed under shifts. As in [ |BLM07| , Chapter 10] denote by Z 
the following algebra (strict monoidal category) in the symmetric monoidal category of 
dg-categories, DC-categories or gr-categories. As a graded quiver Z has Ob Z — Z and 
Z(m, n) = k[n— m\. In the first two cases Z is supplied with zero differential. Composition 
in the category Z comes from the multiplication in k: 

fiz '■ Z(l, m) ®k Z(m, n) = k[m — I] <S>k k[n — m] —>■ k[n — I] — Z(l, n), 

ls m - 1 g> ls n - m ^ ls n - 1 . 

The elements 1 6k = Z(n, n) are identity morphisms of Z. 

The object Z of (V-Gat, M) (where V is dg, % or gr) is equipped with an algebra (a 
strict monoidal category) structure, given by multiplication - the V-functor 

(8>^ : Z K Z — > Z, m x n *—>■ m + n, 
<g>^ : (Z M Z)(n x m, k x I) = Z(n, k) ® Z(m, I) -> Z(n + m,k + /), 

Therefore, for the three mentioned V the functor — MZ: V-Qat — > V-Gat, G i-> G M Z, 
is a monad. It takes a V-category C to the V-category C IE Z with the set of objects 
Ob CIXIZ = ObCxZ and with the graded modules of morphisms (GMZ)((X, n), (Y, m)) = 
C(X, Y) <g> k[m — n]. The composition is given by the following morphism in V: 

Hem = [(6 B Z)((X, n), (Y, m)) ®{GM Z)((Y, m), (Z,p)) = 
C(X, Y) ® k[m - n] ® C(F, Z) <g> k[p - m] C(X, F) <g> C(y Z) ® k[m - n] ® k[p - m] 

e(x, z) ® k[p - n] = (eKZ)((x,n),(z,p))]. (2.16) 

The unit U[] = idKl z : C -> G B Z of the monad — MZ: V-Qat -> V-Cat is the natural 
embedding X i— > (X, 0) bijective on morphisms. Here 11 2, : k — > Z, * 1— > is the unit of 
the algebra Z, whose source is the graded category k with one object. 

The V-category GMZ admits an isomorphic form 6^ whose set of objects is Ob 6" = 
Ob C x Z, likewise 6§Z. The graded k-modules of morphisms are &{{X,n), (Y,m)) = 
C(X, Y)[m — n}. This graded quiver is identified with C M Z via the isomorphism 

8 = [C(X, Y)[m - n] ^ C(X, Y) A ' - {ms ^ n \ e(X, Y) ® Z(n, m)} 

in pLM07| , Chapter 10]. Therefore, in the cases of V = Ct or V = % the graded k-module 
G^((X,n),(Y,m)) is equipped with the differential (— l) m ~ n s n ~ m d e s m ~ n . Multiplication 
in is found from (|2.16|) as 

yU e [] = [Q(X,Y)[m — n ] ® e(y, z) [ P - m) — e(x, y) ® k[ m — n] ® C(Y, Z) (g> k[p — m] 

^ C(X, Z) ® k[p - n\ C(X, Z)[p - n]] 

= [e(x, y ) [m - n] ® e(y z) [p - m\ ^ m ~ n ^- m r\ C (x, y) ® e(y, z) 

-^e(x,z)^>e(x,z)[p-n]]. (2.17) 
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2.20 Definition. We say that a V-category C is closed under shifts if every object (X,n) 
of is isomorphic in to some object (Y, 0), Y — X[n) G Ob C. 

Clearly, — ^ : V-Gat — ► V-Ca£ is also a monad, whose unit «[] : 6 -> CI! is the natural 
embedding X t— > (X, 0) identity on morphisms. Immediately one finds that a V-category 
C is closed under shifts if and only if the functor un : C — > is an equivalence. 

The lax symmetric Monoidal base change functor (H*, k 1 ) : % — ► gr gives, in par- 
ticular, the Kunneth functor k : iJ'C Kl — > H'(Q M Z), identity on objects. It is 
an isomorphism of gr-categories because Z(m,n) = k[n — m] are flat graded Ik-mod- 
ules. Clearly, Z coincides with H*Z as a graded Ik-quiver, hence we have the isomor- 
phism k : (H'Q) £3 Z — > H*(G Kl Z). Equivalently we may write the isomorphism 
(H'Gyi ~ H'(G^). From the lax monoidality of (H',k j ) we deduce the following equa- 
tion: 

H'(u {] ) = [H'G (H'G) B Z — ^ H'{G B Z)] . 

Therefore, if C is a X-category closed under shifts, then H'G is a gr-category closed under 
shifts. 

For a gr-category G, the components of the graded Ik-module G(X, Y) are denoted by 
G(X, Y) n = G n (X, Y), X, Y G Ob G, n G Z. The k-category N*(G) is denoted by 6°. 

2.21 Proposition. Let G be a gr-category closed under shifts. Suppose S° : G° — > 6° is 

a right Serre k-functor. Then there exists a right Serre gr-functor S : C — > C such that 
N*(S) = S°. 

Proof. Let ip° = (ip xx : G°(X,YS°) -> k-Mod (G°(Y, X),k))x vanur be a natural iso- 
morphism. Let (j)° XY ■ G°(Y, X) (g> e°(X, FS) — > k, X, K G Ob C, denote the corresponding 
pairings from (|2.12|) . Define trace functionals r£ : C°(X, XS") — > k, X G Ob C, by 



formula Q2.3p . We are going to apply Proposition |2.12| . For this we need to specify a 



map ObS : Ob C -> Ob C and trace functionals r x : C(X,X5) -> k, X G Ob 6. Set 
ObS* = Ob5*°. Let the 0-th component of tx be equal to the map r x , the other com- 
ponents necessarily vanish since k is concentrated in degree 0. Let us prove that the 
pairings <px,Y given by ( |2.12| ) are perfect. For n G Z, the restriction of <px,Y to the 
summand G n (Y, X) ® G~ n (X, YS) is given by 



<p xx = [G n (Y, X) <g> C~ n (X, K5) e°(F, YS) k] . 
It can be written as follows: 
<Pxy = [G n (Y, X) ® C- n (X, FS) = 6" 0), (X, ® C [1 ((X, n), (YS, 0))° 

i^sii e [1 ((F, o), (ys, o))° = e°(y, ys) ■ 



27 



Since C is closed under shifts, there exist an object X[n] G Ob C and an isomorphism 
a : (X,n) — > (X[n],0) in C". Using associativity of /i e [], we obtain: 

0x,y = [e n (r, x) ® e- n (x, re) = e«((y, o), (x, ® e"((x, n), (re, o))° 



e [] ((r,o),(re, o))° = e°(F,re) — 
[e n (r, x) ® e~ n (x, re) = e [1 ((r, o), (x, n))° ® e [] ((x, n ), (re, o))° 

g^^g^^ e [I((y; o), (JC[n], 0))° <g) e"((JC[n], 0), (y,g, 0))° 

= e°(y,x[n]) ® e°(x[n],re) e°(y,re) — 



[e n (r, x) ® e- n (x, re) = e [1 ((r, o), (x, n))° ® e [] ((x, n) , (re, o))° 

^(l^l(a-M)O e0((y)())| (x[n]iQ))0 ^ e[1((x[B])())i (yg[()))0 

(-)» 

= e°(r, x[n]) ® e°(x[n], re) yxH ' Y > k] . 



H n ^[n].y 



Since 4>x[n] y * s a perfect pairing and the maps G^(l,a)° and C^a -1 , 1)° are invertible, 
the pairing (px.y is perfect as well. Indeed, it is easy to see that the corresponding maps 
ip x \ and ipxin] y are related as follows: 



X[n],y 



^-y = [e- n (x,re) 1 ' ; > e°(x[n],re) 

Hom k (e°(F,XM),k) H ° mk(e[1(1 ' a))0 ' 1} : Hom k (e"(F,X),k 

Proposition [2.12| implies that there is a right Serre gr-functor S : C — ► C. Its components 
are determined unambiguously by equation ( |2 . 1 0|) . Applying the multifunctor X to it we 
find that the functor N*(S) : C° —>■ C° satisfies the same equation the functor S° : C° —>■ 6° 
does. By uniqueness of the solution, N*(S) = S°. □ 

3. ^oo-categories and 3C-categories 

In this section we recall and deepen the relationship between A^-categories and DC-cate- 
gories. It is implemented by a multifunctor k : A^, — > X-Qat from ||BLM07| , Chapter 13], 



where X-Qat is the symmetric Monoidal category of DC-categories and 3C-functors, and 
X-Qat is the corresponding symmetric multicategory. This multifunctor extends to non- 
unital Aoo-categories as a sort of multifunctor k : Aoo — > X-Qat nu , where X-Qat nu is the 
symmetric Monoidal category of non-unital X-categories and 3C-functors, and X-Qat nu is 
the corresponding symmetric multicategory [loc. cit.]. 



3.1. Opposite Aoo-categories. Recall the following definitions from [|LM04| , Appendix A] 



Let A be a graded k-quiver. Then its opposite quiver A op is defined as the quiver with 
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the same class of objects Ob.A op = Ob ./I, and with graded k-modules of morphisms 
A op (X,Y) =A(Y,X). 

Let 7 : TsA op — > TsA denote the following anti-isomorphism of coalgebras and alge- 
bras (free categories): 

7 = (-l) fc ^ c : sA op (X , X x ) ® • • • ® sA op (X k ^ X k ) 

-> sA(X fc) X fc _0 ® • • • ® s-Apfi, X ), (3.1) 

where a; = ( \ k \ ;;; fc 2 1 \ ) G 6 fc . Clearly, 7A0 = A (7 ® 7)0 = A c(7 <8> 7), which is the 
anti-isomorphism property. Notice also that (A op ) op = A and 7 2 = id. 

When A is an Aoo-category with the codifferential b : TsA — > TsA, then 767 : 
Ts.A op — > Ts7l op is also a codifferential. Indeed, 

767 A = 7&A c(7 ® 7) = 7A (1 ®b + b® 1)0(7 ® 7) 

= A (7 ® 7)c(l <g> 6 + 6 ® l)c(7 ® 7) = A (7&7 ® 1 + 1 ® 767). 

The opposite A^-category A op to an A^-category A is the opposite quiver, equipped with 
the codifferential b op = 767 : TsA op — > TsA op . The components of b op are computed as 
follows: 

6 op = ( _ )fc+ l [ syl op (Xo) Xl ) ® • • • ® ^(X^, X k ) 

sA(X k , ® • - • ® sA^, X ) s.A(X fe , X ) = s.A op (Xo, X k )] . (3.2) 

The sign (— l) fc in ( |3.1| ) ensures that the above definition agrees with the definition of the 
opposite usual category, meaning that, for an arbitrary A^-category A, k(A op ) = (kA) op . 
Indeed, clearly, both categories have Ob A as the set of objects. Furthermore, for each 
pair of objects X, Y G Ob .A, 

m op = sbfs- 1 = shs' 1 = m x : A op {X, Y) = A(Y, X) -> A(Y, X) = A op (X, Y), 

therefore (kA op )(X,F) = (A op (X, Y), m° p ) = (A{Y,X),m x ) = (kA) op (X,Y). Finally, the 
compositions in both categories coincide: 

HkA°P — m 2 P = ( s ® S^^S^ 1 = — (s ® s)c6 2 S 1 = c(s ® s)&2S _1 = Cm 2 = /X(kA)°p. 

In particular, it follows that yi op is unital if so is A, with the same unit elements. 

For an arbitrary Aoo-functor / : IXP en Ts./lj — > Ts'B there is another A^-functor / op 
defined by the commutative square 

W^TsAi — ► Ts'B 

Kl n 7 7 

f op 

W en TsA° p — ► TsB op 
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Since 7 2 = id, the A^-functor f op is found as the composite 

f°P = [M ien TsA op -^X K' ;en TsAi Ts'B — U Ts£ op ] . 

A non-unital DC-functor kf : K ien kAi -> kS is associated with / in ||BLM07| , Chap- 
ter 13]. This X- functor acts on objects in the same way as /. It is determined by the 
components f e . , e 3 - = (0, . . . , 0, 1, 0, . . . , 0): 

k/ = [(g^kA^X,-,^) ^—4 

<8^ en ks(((y i )« 3 -, (C^ki, (^<)i>i)/) ks((x,) ien /, (y) i6n /)] , 

The case of n = 1 was considered in [ CyuDBL Proposition 8.6]. According to [ BL"M0"7 ] an 
A^-functor / is called unital, if the DC-functor kf is unital. The set of unital A^-functors 
M ien TsA t -> TsS is denoted A^((Ai) ien ; 3). The assignment A. ^ kA, / h-> k/ gives a 
multifunctor k : A^ -> DGCot, see ||BLM07| , Chapter 13]. 

3.2 Lemma. For an arbitrary A^-functor f : K ien TsAi -> TsS, theX-functors kf op , (k/) op : 
K ien kyl op _^ k!B op coincic ] e _ 

Proof. The case n = 1 is straightforward. We provide a proof in the case n = 2, which 
we are going to use later. 

Let / : TsA M Ts¥> — > TsC be an A^-functor. The components of f op are given by 

fZ = {-) k+n - 1 [sA op (X , Xi) <g> • • • ® sA op (X fc _ 1? X fc )® 

<8> sS op (f/ , C/i) ® • • • ® sS op (a„_!, £/ n ) 
= sA(Xi, X ) ® • - • ® sA(X fc , X fc _i) <g> sS(Z7 ls U ) ® ■ • • ® s2(C/" n , C/ n _i) 

-^U syL(X fc , AVO ® • • • ® sA(Xi, X ) ® sS(t/„, £7 n _i) ® • • • ® sS(£7 l9 C/ ) 

s e((x & , cy /, (x , c/ )/) = s e op ((x , u )f, (x fc , u n )f)] , (3.3) 

where n kn = (jj, k \ ;;; \ ^+2^ ;;; G 6 fc+n , and 7if n is the corresponding signed 

permutation. 

Clearly, both k/ op and (k/) op act as Ob / on objects. Let X, Y e Ob A, U, V e Ob B. 
Then 

nop —I/O, f°P —1 

k/op = ^o P(X) y) ® -B op (U, V) sh ° s hnS > 

e op ((x, c/)/, (y u)f) ® e op ((y c/)/, (y, v)f) ^ e op ((x, u)f, (y y)/)] . 

A° P = /io : sA op {x, y) -> s e((y, i/)/, (x, it)/) = ,e op ((x, c/)/, (y, c/)/), 
/oT = /oi : sB op (c/, y) - s e((y y)/, (y c/)/) = s e op ((y c/)/, (y y)/), 



30 



therefore 

sfios~ 1 ®sf 01 s- 1 



k/°P= [A(Y,X)®-B(V,U) 

e((Y, U)f, (X, U)f) ® G((Y, V)f, (Y, U)f) 

e((y v)f, (y, u)f) ® e((y [/)/, (x, tr)/) e((y v)f, (x, u)f)} 
= [a(y, x) ® £(y c/) -2-> £(y c/) ® yi(y x) s/oiS ~ l0s/l " 5 ~ 1 > 

e((y y)/, (y t/)/) ® e((y t/)/, (x, tr)/) e((y y)/, (x, tr)/)] . 

Further, 

(k/)°p = [yt(y, x) ® to * /los ~ Wois "> 

e((y y)/, (x, y)/) ® e((x, v)f, (x, to/) e((y y)/, (x, it)/)] • 

We must therefore prove the following equation in %: 

[a(y, x) ® s(y t/) s(y tr) ® A(y, x) s ^ s ~ 1<Sa ^ s ~\ 

e((y y)/, (y tr)/) ® e((y to/, (x, tr)/) e((y y)/, (x, t/)/)] 
= [yi(y x) ® s(v, u) f^gf^ e ((y y)/, (x, y)/) ® e((x, y)/, (x, tr)/) 

^e((y,y)/,(x,rj)/)]. (3.4) 

By definition of an A^-functor the equation /& = (6 H 1 + 1 H &)/ : Ts.A K TsB -> TsC 
holds. Restricting it to sA M s'B and composing with pr x : TsQ — > sG, we obtain 

(/io ® /oi)&2 + c(/oi ® /io)6a + /n&i 

= (i ® &i + &i ® i)/n : sA(y x) ® s B(y t/) -> s e((y y)/, (x, t/)/). 

Thus, (/io ® /oi)&2 + c (/oi ® /io)^2 is a boundary. Therefore, 

(s ® s)(/i ® / l)&2 = C(S ® S)(/ 1 ® /io)&2 

in DC. This implies equation fl3.4|) . □ 

In particular, / op is a unital ^loo-functor if / is unital. 

3.3 Proposition. The correspondences A i— > .A op , / i— > / op define a symmetric multi- 
functor — op : Aqo — > Aqo which restricts to a symmetric multifunctor — op : — > A^,. 

Proof. Straightforward. □ 
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As an arbitrary symmetric multifunctor between closed multicategories, — op possesses 
a closing transformation op : A oc ((^l i )j e /; B) op — ► Aoo((.A op )j e /; B op ) uniquely determined 
by the following equation in A^: 



[(A° p ) ieI , AooCWte/; s) op ^ (yi op ), e /, A sa ((A 0| V; B op ) ^ B op ] 



(ev Aoo ) op . (3.5) 



The /loo-functor (ev Aoo ) op acts on objects in the same way as ev A °°. It follows that 
(Xj)j 6 /(/)op = (Xi)i e jf for an arbitrary A^-functor / : (Ai)i e i — > B and a family of 
objects Xi e Ob/lj, i € I. The components 



j m = - [ET e/ T m ^ op El I^aAooCCA)^; £)° P 



K),m 

ev A ° 

i6/ T^&Ai El T' m sA 2 o((yi i )i e /; B) sB] (3.6) 



vanish unless m = or m = 1 since the same holds for ev/^\ m . From equations (|3.5|) 
and (13. 6f) we infer that 



x ^Obop)ev (m . )0 
- ®^ sATiX;^ X* n ) ® T°sAoc((Ai) i(E i; B) op (/, /) 



therefore (/)op = / op : (.A° p )*e/ -> S op . Similarly, 



5 ,e/ l 8m ' <g> opj ev 



(mi),l 

^(X^.^X;) ® S Aoo((^) i6/ ; B) op (/,s) 

»eJ(_)"»i w O|g>l 



^ ^^sMx^x^^) ® sAooC^W; s)(p, /) 
®c k (^ e/ ®^ mi s yi,(x^_ Ps ,x^_ Pi+1 ), S B((x;j^,(x^) ie/ /)) 



It follows that the map op 1 : sA^((Ai) ieI ; B) op (/, g) -> sA^((yi op ) je/ ; B op )(/ op , s° p ) takes 
an Aoo-transformation r : <7 — > / : (^tj)iej — > B to the opposite Aoo-transformation 
r op = f (r)op x : f op -> # op : (/l op )i e / -> B op with the components 
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The higher components of op vanish. Similar computations can be performed in the mul- 
ticategory AJ^. They lead to the same formulas for op, which means that the Aoo-functor 
op restricts to a unital A^-functor op : A^((Ai)^; B) op -> AJ^((7l op ) ie/ ; D3 op ) if the 
gories A{, i £ I, D3 are unital. 
As an easy application of the above considerations note that if r : f — > g : (Aj)iej — > 
D3 is an isomorphism of ^oo-functors, then r op : g op — ► / op : (yL° p ) ie / — > D3 op is an 
isomorphism as well. 



3.4. The k-Cat-multifunctor k. The multifunctor k : AJ^ — > DC-Cat is defined in 
| BLM07| , Chapter 13]. Here we construct its extension to natural Aoo-transformations 



as follows. Let /, g : (Ai)i & i — > B be unital Aoo-functors, r : / — ► o : (.Ai)iej — > IB 
a natural Aoo-transformation. It gives rise to a natural transformation of DC-functors 
kr : kf —>■ kg : KP e/ k/lj — ► kD3. Components of kr are given by 

(Xi) ie M = (x^ros- 1 : k -> D3((X) ie/ /, (X) ie/ #), X, e Ob^, 2 G /. 

Since r^bi = 0, kr is a chain map. Naturality is expressed by the following equation in DC: 

m^kA^Yi) * > kvax^jf, (y f ) i6J /) 



k<7 



( 1 ®(r i ) ieJ kr )M<2 



kD3((X)^, (Yi) ieI g) { ^ krm ^ kS((X i ) 46 z/, (XW<?). 
Associativity of yUk^ allows to write it as follows: 



1) 



kS(((vi-)i«, TO**)/. (*A>0/) ® kB((yo» e //, (yWs) 

ks((x 4 )*=//, (y,) i6/ <7)] 



► 



kS((X) je/ /, (X,) ie/0 ) ® ® je/ kD3(((y,) J<4 , (X,.)^)<7, ((Y^i, (*i)i>i)») 



^>kD3((xw, (yw<?)]. 



This equation is a consequence of the following equation in DC: 



yi(X,y) - (x,)^)/, ((y^, (x^g), 
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which in turn follows from the equation (rBi) e . = 0: 

(sfe.s' 1 <g> r s~ 1 )m 2 - (tqS^ 1 ® sg ei s~ 1 )m 2 + sr £i s~ 1 m 1 + m^r^s' 1 
= s[(f ei ® r )6 2 + (r ® + r ei &i + Oirjs^ 1 = : 

A(X i: Y,) -> S(((lS-)i<i, (*;),■*)/, ((^"W, 
The 2-category DC-Cat is naturally a symmetric Monoidal k-Cat-category, therefore 
DC-Cat is a symmetric k-Cat-multicategory. According to the general recipe, for each map 
<p : I — > J, the composition in DC-Cat is given by the k-linear functor 

w eJ x-eat(m te ^ lj A t , Sj) h DC-Cat(^' eJ % e) ^> 
DC-Cat(^' eJ a, ^ 6J Bj) b Dc-Cat^' 6 - 7 ^, e) x-e a t(^ teI A t , e)] . 

In particular, the action on natural transformations is given by the map 

® j€j X-eat(M ie *~ lj Ai, "Bjjifj, gj) <g> DC-Cat^' 6 - 7 ^, C)(/i, fc) 

- DC-eat(KI <eJ A, e)((fiheJ ■ h, ( gj ) je j • fc), ® i6J r J <E> P - (r^ej • p, 
where for each collection of objects Xj e -Aj, i E I, 

[(Oie J • p] = [k — ^ ® JU1 k *_2 > 



e((X i ) ie/ (/ j )j- e j/i, (X^i^ig^^jh) <g> e((X i ) ieJ (ff J -)iej'i, ( X i)iei(9j)jejk) 

e((X i ) ie /(/ J -) J - e j/i, M^)^)]- 

The base change functor if : AJ^ — > k-Cat turns the symmetric AJ^-multicategory 
into a symmetric k-Cat-multicategory, which we denote by A^. That is, the objects of 
are unital A^-categories, and for each collection (.Aj)j e j, B of unital A^-categories, 
there is a k-linear category A^^Ai)^; 23) = H A^ o ((Ai)i e i; r S>), whose objects are unital 
Aoo-functors, and whose morphisms are equivalence classes of natural Aoo-transformations. 

j^u A u A u 

The composition in is given by the k-linear functor = if°( / u^ 2£L ) = H°(kfj,-^-), 
where 

= [^^((A^-^ £,)(/,, g 3 ) ® A^((S,), eJ ; Q)(h, k) 

® jeJ sM ej0 s- 1 ®sM ... is- 1 
> 

& eJ ^((A,)^ m(9i)i<s, (fi)i>i)h, ((9i)i^j, (fi)i>s)h) 

® ^((A) ie /; e)((gj) je jh, (g&ejk) 

^ (Aih ^\ fi&ujuuf, mf 3 hejK aiAr .//••);• 
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3.5 Proposition. There is a symmetric k-Qat-multi functor k : — > %-Qat. 



Proof. It remains to prove compatibility of k with on the level of transformations. 
Let r 3 e sA^((Ai) ie0 -i i ; l Bj){fj,gj), j e J, p G sA^ (( e B j ) je j; Q) be natural Aoo-transfor- 

mations. Then ((r J s~ )j£j,ps~ )^°° is the equivalence class of the following Aoo-trans- 
formation: 



W e ((gi)i<3,r J , {f l ) l>j ,h)M e]0 s ® (( gj ) je j,p)M ...oiS >i^((A) ie i;e)- 

In order to find k[((r- ? s~ 1 ) :;e j,ps _1 )/i^ 00 ] we need the 0-th components of the above ex- 
pression. Since [(£ (g) qO-f^o = (^o <8> <?o)&2, for arbitrary composable Aoo-transformations t 
and g, it follows that 

(x^Mi^s-^^ps- 1 )^-} 
= (^ eJ (x lWlj [((^)^,^',(/0^»M ej o]o^ 1 ® 



(x i ) ieI [((9j)jeJ,P)M ...oi)oS 



>j'eJ 



j -1 /t \(( x i)i(i4,-li9l)l<jA( x i)ie<t,-ufl)l>i 



«X i ) t€ .- lj g J ) ieJ P0S )ft 



l^, jui 
ke • 



By associativity of p^Q, this equals 



i s Vke 



ke 



Therefore, k[((r J 's -1 )_,- 6 ,/, ps' 1 )^ 00 } = ((kr 3 )j £j ,kp)^~ Gat , hence k is a multifunctor. □ 

The quotient functor Q : dg = Ct — > % equipped with the identity transformation 
® ieI QXi — > Q & eI Xi is a symmetric Monoidal functor. It gives rise to a symmetric 
Monoidal Cat-functor Q* : dg-Cat — > %-Qat. Let : dg-Cat — > %-Qat denote the 
corresponding symmetric Cat-multifunctor. 

3.6 Proposition. There is a multinatural isomorphism 



A" x de-Cat 



kxQ, 



%-Qat x %-Qat 




%-Qat 



where □ : A^ Kldg-Cat — > AJ^ is the action of differential graded categories on unital 
Aoo-categories constructed in j\BLM07\ , Appendices C.10-C.13]. 
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Proof. Given a unital A^-category A and a differential graded category C, define an 
isomorphism of 3C-quivers £ : k(A □ C) — > kA IE Q*Q, identity on objects, as follows. For 
X, Y G Ob A, U, V G Ob 6, we have 

k(A □ e)((x, t/), (y, v)) = ((.a □ e)((x, t/), (f, v)), < He ) 

= ((sA(X, Y) <8 Q(U, V))[-l], sb^s- 1 ), 

(kA h Q m e)((x, u), (y, v)) = kA(x, y) ® Q*e(t/, 1/) 

= (A(X, Y) ® 6(17, F), mi (8) 1 + 1 <g> d). 

Define £ by 

e^sCs- 1 ®!) : ( s a(x,f)® e(c/,y))[-i] ^yi(x,y)®e(c/,y). 

The morphism £ commutes with the differential since 

m f He . £ = sfo^V 1 • s^- 1 ® 1) = 5(6! (g) 1 - 1 ® ^(S- 1 ® 1) 

= s(s _1 ® l)(s6is _1 ®l + l®d)=£.(mi®l + l®d), 

therefore it is an isomorphism of 3C-quivers. We claim that it also respects the composition. 
Indeed, suppose X, Y, Z G Oh A, U,V } W G Ob 6. From ||BLM07| , (C.10.1)] we find that 

^(ABe) = = [(A □ 6)((X, U), (F, V)) <S>(AB 6)((F, V), (Z, W)) 

y) ® e(t/, v)) (8i (s.a(f, z) ® e(y, if)) — 

(sA(X, F) (8) &A(Y, Z)) <8 (G(U, V) <8 6(F, W)) ^> 



sA(x, z) <g> e(c/, if) > (A □ e)((x, to, (z, w))] , 
^k«, e = [(.a(x, F) ® e(t/, i/)) ® oa(f, z) ® e(v, if)) 

(.a(x, f) <8) a(f, z)) (8 (e(t/, f) ® e(v, if)) a(x, z) <g> e(u, w)] . 

It follows that 

PMOS) • £ = [(A H C)((X, t/), (F, V)) <8) (AH C)((F, V), (Z, IF)) 

(sA(x, F) ® e(t/, v)) <g> (sA(F, z) g) e(F, if)) 



(sA(X, F) <g> sA(F, Z)) (8 (C(t/, V) <g> C(F IF)) 62S " 1 ^ e > Z) <g> C(t/, W)] , 
(£ ® • Maj.e = [(A □ C)((X, t/), (F, F)) ® (A □ C)((F, F), (Z, W)) 
s(s-i®i)®s( s ~i®i\ y) g, e(t/, F)) (8 (A(F, Z) (8 C(F, IF)) 



(a(x, f) ® a(f, z)) ® (G(u, v) ® e(F, if)) a(x, z) ® e(u, w)] 

[{A □ C)((X, t/), (F, F)) ® (A □ C)((F, F), (Z, IF)) 



[sA(X, F) (8) C(t/, F)) ® (sA(F, Z) (8 C(F, IF)) 



7(12) 



{sA(X, F) (8 sA(Y, Z)) ® (C(t/, F) ® C(F, IF)) ^gl>!^ ^(x, Z) ® C(t/, IF) 
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therefore ^k(ABe) •£ — ' ^vj\mq,Qi as 1 = — (s 1 <g> s 1 )m 2 . The morphism £ also 

respects the identity morphisms since 

i^ } e) e = utf ® i^k 1 • ^ ® i) = u^,- 1 ® ig) = (# ® ig) = 

Thus, £ is an isomorphism of 3C-categories. 

Multinaturality of £ reduces to the following problem. Let / : W &I TsAi — ► Ts!B be 
an Aoo-functor, (7 : KP e/ Cj — > 2) a differential graded functor. Then the diagram 



k(/Ep) 



<T (12) -(k/BQ„ S ) 



k(2 □ T>) > k£ M QS> 

must commute; let us prove this. Let X i: Yj, £ Ob Ai, Ui, Vi £ Ob C i; i £ J, be families of 
objects. Then 

k(/ □ y) = [®* e/ (^ □ e l )((x i , c/,), (y 4) k)) g^gg^ 

(((ViW, (^)i>i)/, ((ViW, (r,),. /)//)) 
(s □ 2)) (((x t w, (c/,)^), ((y,w, ffli&g))] . 



From |[BL1V107| , (C.5.1)] we infer that 

(fBg) ei = [sMX^Yj^eiU^Vi) 
sV(((Yl)i<i, {Xj)j*)f, (Xj)j>i)m 

where 

\^i.&zi[(i v ) j<i ,id,(i u .) :i>i ] 



9ei = [e t (u l ,v i ) 



Therefore 

k(/ □ g) ■ £ = [®* e/ (^ □ e,)((x l; rj,), v$)) &eIs(f ^ )s ~\ 

® ie/ (B □ 2))((((F J ) i<i , (X^f, ((Vj j<h (Uj^g), 

(A;); .;)/. ((I}),,, (C/^ .,),/)) 

® ©(((ViW, ((^) i<4) (^);>*)<7)] 

'BdX^r f, (Yi) ieI f) ® D((0i) i6 /0, (V<)ie#)] 
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since £ respects the composition. The above expression can be transformed as follows: 

^ eI s(s- 1 ®l) 



k(/ □ g) ■ £ = [^(A, □ e i )((X J , If,), m 



* ieI {sf e .s- 1 ®g tt .) 



^ {<8> ieZt B(W) j<i , (Xj)^)/, ((Yj)^, (X,),>,)/)) 

® (® ie/ 2)(((^<i, (^)i^k (faW (Uj^g)) 



^((X^/, (Yj) ie jf) ® D((^) i6/S , (V;) ie/ ^)] 



[® je/ (yi i He l )((x J ,K),(r i ,^)) 



®* e/ y) <8) e^, v;)) ^ (® ie/ ^(x i; y)) ® (^'e^, ^)) 

S((XO ie //, (y) ie i/) ® D((£/i)i 6 ^, (ViW<7)] 



5 i6J s/e i S- 1 )^ B ®(® ieI Se j )MB 



= ® ie/ £-a (12) -(k/®^), 

due to the definition of kf and the identity 



which is a consequence of g being a functor and associativity of fix>. The proposition is 
proven. □ 

3.7. Aoo-categories closed under shifts. Unital Aoo-categories closed under shifts 
are defined in ||BLM07| , Chapter 15] similarly to Definition |2.20| . A unital A^-category C 
is closed under shifts if and only if the ^oo-functor tin : 6 — > ~ C □ Z = C M Z is an 
equivalence. 

For an arbitrary A^-category C the operations in are described explicitly in 
| BLM07| , (15.2.2)]. In particular, 



b! = H p - n [«6» ((X, n), (Y m)) ® S e" ((y, m), (Z, p)) 



sG(X, Y) [m - n] ® sC(y, Z) [p - m] 



se(x,y) ® se(y z) 



"2 



s e(X,Z)^se(X,Z)\p-n]=s&((X,n),(Z,p))]. 

The above proposition implies that the binary operation mf [1 = (s ® s)&f [1 s -1 in 6^ 
is homotopic to multiplication in kC" given by formula (|2.17 ). Actually, mf [1 is given 



precisely by chain map ( [2.17D , as one easily deduces from the above expression for h 



en 
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We have denoted the algebra Z in dg-Cat, "the same" algebra Q*Z in %-Cat and "the 
same" algebra H'^Q^Z) in gr-Cat all by the same letter Z by abuse of notation. Since 
units of the monads — □ Z and — IE Z reduce essentially to the unit of the algebra Z, 
Proposition |3.6| implies the following relation between them: 

[kA -^U k(A B Z) — ^ kA M Q*Z] = [kA kAMZ = kAM Q*Z] . 

Thus, if one of the 3C-functors kii[] : kA — > k(A □ Z) and U[] : kA — > kA Kl Z is an equiva- 
lence, then so is the other. The former is a X-equivalence if and only if the Aoo-functor 
U[] : A — > A □ Z is an equivalence. Therefore, the Aoo-category A is closed under shifts if 
and only if the dC-category kA is closed under shifts. 



3.8. Shifts as differential graded functors. Let / = (/*: C* -> £> l+dcg/ ) ieZ e 
C k (C, .D) be a homogeneous element (a k-linear map / : C — > -D of certain degree d = 

deg/). Define /M = (-)^ n s" n /s n = (-) dn (C[n]* = C i+n + D i+n+d = which 
is an element of C k (C[n], D[n\) of the same degree deg/. 

Define the shift differential graded functor [n] : C k — > C k as follows. It takes a complex 
(C, d) to the complex (C[n],d^), = (—) n s~ n ds n . On morphisms it acts via C k (s~ n , 1) ■ 
C k (l, s n ) : C k (C, D) -> ^(Cfn], D[n)), f i- /W. Clearly, [n] ■ [m] = [n + m]. 



4. ^oo-modules. 



Consider the monoidal category (J2/S, <g>) of graded Ik-quivers. When S 1 = 1 it reduces to 
the category of graded k-modules used by Keller [KclOlH in his definition of Aoo-modules 
over Aoo-algebras. Let C, D be coassociative counital coalgebras; let : C — > D be 
a homomorphism; let 5 : M — > M <E> C and 5 : iV — > iV ® .D be counital comodules; 
let / : M — > N be a ^-comodule homomorphism, fS = 5(f ® ■0); let £ : C — > D be a 
(-0, V ; )-coderivation, £A = A o (-0£g>£-|-£®-0). Define a (-0, /, ^-connection as a morphism 
r : M — > iV of certain degree such that 



M 



N 



N®D 



compare with Tradler | TraQl|| . Let (C,b c ) be a differential graded coalgebra. Let a 
counital comodule M have a (1,1,6 )-connection b M : M — > M of degree 1, that is, 
6 M 5 = 5(1 <g) fee + 6 M (g) 1). Its curvature (b M ) 2 : M -> M is always a C-comodule 
homomorphism of degree 2. If it vanishes, b M is called a flat connection (a differential) 
on M. 

Equivalently, we consider the category ( d J2/S,®) of differential graded quivers, and 
coalgebras and comodules therein. For Aoo-applications it suffices to consider coalgebras 
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(resp. comodules) whose underlying graded coalgebra (resp. comodule) has the form TsA 
(resp. sMtgTsC). 

Let M G Ob J3/S be graded quiver such that M(X, Y) = M(F) depends only on 
Y E S. For any quiver C G Ob £}/S the tensor quiver C = (TsC, A ) is a coalgebra. The 
comodule 5 = 1 <g> A : M = sM® TsC -> sM <g> TsC g) TsC is counital. Let (C, 6 e ) be an 
gory. Equivalently, we consider augmented coalgebras in S 1 , <g>) of the form 
(TsC,A ,6 e ). Let 6 M : sM ® TsC -> sM g> TsC be a (1, 1, 6 e )-connection. Define the 
matrix coefficients of 6^ to be 

b™ n = (1 ® in m ) ■ 6 M ■ (1 <g> pr n ) : sM ® T m sC ^sM® T n sC, m, n > 0. 

The coefficients b™ Q : sM g) T m sG — > sM are abbreviated to 6^ and called components of 

A version of the following statement occurs in ||LH03| , Lemme 2.1.2.1]. 

4.1 Lemma. Any (1, 1, b e )- connection b M : sM (g TsC — > sM g) TsC is determined in a 
unique way by its components b^ : sM (g T n sC — > sM, n ^ 0. Tie matrix coefficients of 
are expressed via components of b M and components of the codifferential b e as follows: 

b™ n = b™_ n ®l® n + 1&+P ® b k ® im ■ <g> T m sC — sM (8) T n sC 

p+fe+q=m 
p+l+q=n 

for m ^ n. If m < n, the matrix coefficient b^ n vanishes. 

Such comodules are particular cases of bimodules discussed below. That is why state- 
ments about comodules are only formulated. We prove more general results in the next 
section. 

The morphism (b M ) 2 : sM (g TsC — > sM g) TsC is a (1, 1, (J)-connection of degree 2, 
therefore equation (fr-^) 2 = is equivalent to its particular case (b M ) 2 (l g) pr ) = : 
sM g) TsC -> sM. Thus 6 M is a flat connection if for each m ^ the following equation 
holds: 

m 

E(C-n®l^)C+ E (l 01+P ®^®l^)C + i + , = O: 

n=0 p+fc+g=m 

sM g) T m sC -> sM. (4.1) 

Equivalently, such a TsC-comodule with a flat connection is the TsC-comodule (sM <g 
TsC, 6 ) in the category (fjS/S, g)). It consists of the following data: a graded Ik-module 
JA(X) for each object X of C; a family of Ik-linear maps of degree 1 

b™ : sM(X ) g) sC(X , Xx) ® • • • ® sC(X n _ 1; X n ) -> sM(X n ), n ^ 0, 

subject to equations (|4.1|). Equation (|4.1|) for m = implies (fy^) 2 = 0, that is, 
(sM(X),6^) is a chain complex, for each object X G Ob C. We call a TsC-comodule 
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with a flat connection (sM <8> TsC, b M ), M(*,F) = M(Y*), a Q-module (an A^-module 
over C). C-modules form a differential graded category C-mod. The notion of a module 
over some kind of ^l^-category was introduced by Lefevre-Hasegawa under the name of 
polydule PT03|. 

4.2 Proposition. An arbitrary A^-functor <fi : C — > C k determines a T sQ-comodule 
sM ® TsC with a flat connection ^ by the formulae: M(X) = X0 ; for each object X of 
Q, 6^ = s~ x ds : sM(X) — > sM(X), where d is the differential in the complex Xcf), and for 
n > 

6f = [sM(X ) (8) sC(x , Xi) <g> • • • ® sC(x n _ l5 X n ) 

^ S M(X ) ® S C k (M(X ),M(X„)) M(X ) ® C k (M(X ), M(X„)) 

^M(X n )-^sMW]. (4.2) 

This mapping from A^-functors to Q-modules is bijective. Moreover, the differential 
graded categories A^C; C k ) and C-mod are isomorphic. 

A Q-module (an A^-module over C) is defined as an Aoo-functor <fi : C — > C k by Seidel 
|Sei06| , Section lj]. The above proposition shows that the both definitions of C-modules are 
equivalent. In the differential graded case C-modules are actively used by Drinfeld [Pri04j| . 

4.3 Definition. Let C be a unital A^-category. A C-module M determined by an 
Aoo-functor cf) : C — > C k is called unital if <fi is unital. 

4.4 Proposition. A Q-module M is unital if and only if for each X G Ob C the compo- 
sition 

[sM(X) ~ sM(X) ® k sM(X) ® sC(X, X) sM(X)] 

is homotopic to identity map. 

Proof. The second statement expands to the property that 

[sM(X) ~ sM{X) ® k '" l0xi ° L > M(X) ® sC(X, X) 

M(X) ® C k (M(X),M(X)) M(X) sM(X)} 

is homotopic to identity. That is, 

xio^is" 1 = 1 s m(X) + vmj k , or, x io0i = ±M(x)S + ws&f k . 
In other words, Aoo-functor (f) is unital. □ 
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5. ^oo-bimodules. 



Consider monoidal category ( J2/ S, ©) of graded Ik-quivers. When S = 1 it reduces to 
the category of graded Ik-modules used by Tradler |[Tra01|, [Tra02|| in his definition of 



^oo-bimodules over Aoo- algebras. We extend his definitions of Aoo-bimodules improved in 
|TT06|| from graded Ik-modules to graded Ik-quivers. The notion of a bimodule over some 



kind of Aoo-categories was introduced by Lefevre-Hasegawa under the name of bipolydule 



EH03fl . 



5.1 Definition. Let A, C be coassociative counital coalgebras in (£}/R, ©) resp. (&/S, <8>) 
A counital (A, C) -bicomodule (P, 5 P ) consists of a graded k-span (gr-span) P with Ob s P = 
R, Obt P = S, Par P = Ob s P x Ob t P, src = pr 1; tgt = pr 2 and a coaction 5 P = (5', 5") : 
P — > (A ©# P) © (P ®s C) of degree such that the following diagram commutes 



P 



(A ® R P) © (P © s C) 
and 5' ■ (e © 1) = 1 = 5" ■ (1 © e) : P -> P 



(A © i? ,P)©(P © 5 C) 

(A®i)e(*®i) 

(i®5)e(i®A) (A ©r A ©^ P) © (A ©r P ©5 C) 



)(P © 5 C ©5 C) 



The equation presented on the diagram consists in fact of three equations claiming 
that P is a left A-comodule, a right C-comodule and the coactions commute. 

Let A, B, C, D be coassociative counital coalgebras; let : A — > B, ip : C — > P be 
homomorphisms; let x : ^4 — ► P be a (0, 0)-coderivation and let £ : C — ► P be a (-0, "0)- 
coderivation of certain degree, that is, — A(0 © x + x © 0), £A = A (?/>©£ + £ ©0). 
Let 5 : P -> (A © P) © (P © C) be a counital (A, C) -bicomodule and let S : Q -> 
(P © Q) © (Q © P) be a counital (P, P)-bicomodule. A k-span morphism / : P — ► Q 
of degree with Ob s / = Ob0, Obt / = Obip is a ((f), ip) -bicomodule homomorphism if 
/<*' = 5'(<j) © /) : P -> P © Q and /<5" = <?"(/ ® ip) : P Q ® D. Define a (0, ^, /, X, 0" 
connection as a k-span morphism r : P — > Q of certain degree with Ob s r = Ob 0, 
Ob t r = Ob if) such that 

P *-> {A © P) © (P © C) 







(0®r+x®/)©(/<g>£+r<gii/>) 



(P©Q) ©(Q©P) 



Let (A, 6 A ), (C, b c ) be differential graded coalgebras and let P be an (A, C)-bicomodule 
with an (id^, idc, idp, b A , 6 c ')-connection b p : P — > P of degree 1, that is, 6 P 5' = 5'(1 © 
6 P + b A © 1) and 6 P 5" = 8' (1 © 6 C + b p © 1). Its curvature (b p ) 2 : P — > P is always an 
(A, C)-bicomodule homomorphism of degree 2. If it vanishes, b p is called a /Zat connection 
(a differential) on P. 
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Taking for (A, b A ) the trivial differential graded coalgebra Ik with the trivial coactions 
we recover the notions introduced in Section Namely, an (A, C)-bicomodule P with 
an (id^, idc, idp, b A , 6 ) -connection b p : P — > P of degree 1 is the same as a C-comodule 
with a (1, 1,6 )-connection, both flatness conditions coincide, etc. 

Equivalently, bicomodules with flat connections are bicomodules which live in the cat- 
egory of differential graded spans. The set of A-C-bicomodules becomes the set of objects 
of a differential graded category A-C -bicomod. For differential graded bicomodules P, Q, 
the k-th component of the graded k-module A-C -bicomod(P, Q) consists of (id^, idc)-bi- 
comodule homomorphisms t : P — > Q of degree k. The differential of t is the commutator 
tmi = tb Q - (~yb p t : P -> Q, which is again a homomorphism of bicomodules, nat- 
urally of degree k + l. Composition of homomorphisms of bicomodules is the ordinary 
composition of k-span morphisms. 

The main example of a bicomodule is the following. Let A, "B, C, D be graded 
k-quivers. Let IP, Q be gr-spans with Ob s 7 = Ob A, Ob t T = Ob 6, Ob s Q = Ob 2, 
Ob t Q = Ob 2), Par? = Ob s 7 x Ob t 9, ParQ = Ob s Qx Ob t Q, src = pr l5 tgt = 
pr 2 . Take coalgebras A = TsA, B = TsB, C = TsC, D = TsD and bicomodules 
P = TsA ® s 7 ® TsC, Q = TsB ® sQ ® TsD equipped with the cut comultiplications 
(coactions) 



n 



A (ai, . . . , a n ) = 2j(ai, . . . , a^) <g> {a i+1 , . . . , a n ), 

i=0 

k 

5(ai, . . .,a k ,p,c k+1 , . . .,c k+ i) = }X<ii, ...,ai)<8 (a m , . . . ,p, . . .,c k+ i) 

k+l 

+ 5^( 01 ' • • • ,P, ■ ■ ■ ,<k) ® (Cf+i, • • .,C fc+J ). 



Notice that a graded quiver M G Ob£}/S such that M(X, F) = M(F) depends only 
on Y G 5 is nothing else but a gr-span M with Ob s M = {*}, Ob t M = S. Thus, 
TsC-comodules of the form sM £g> TsC from Section |] are nothing else but TsA-TsG- 
bicomodules TsA ® sM (g> TsC for the graded quiver A = l u with one object * and 
with = 0. Furthermore, Aoo-modules M over ciii yloQ-Ccttc gory C are the same as 



l u -C-bimodules, as defined before Proposition [573 . 

Let : TsA — > Ts¥>, ip : TsC — > TsD be augmented coalgebra morphisms. Let 
g : P — > Q be a k-span morphism of certain degree with Ob s g = Ob0, Ob t g = Ob^. 
Define the matrix coefficients of g to be 

fcimn = (in* ®1 ® in/) • g ■ (pr m ®1 <g> pr n ) : 

T fe syi g> sT ® T'sC -> T m sS (8i sQ ® T n sD, fc, l,m,n^ 0. 

The coefficients g^oo : are abbreviated to g k \ and called compo- 

nents of g. Denote by g the composite g ■ (pr ®1 (g> pr ) : Ts.A (8) s!P (g> TsC — > sQ. The 
restriction of g to the summand T fc s.A <g> sT £5 T^sC is precisely the component g k i- 
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Let / : P — > Q be a (0, ^)-bicomodule homomorphism. It is uniquely recovered from 
its components similarly to Tradler |[lra01| , Lemma 4.2]. Let us supply the details. The 
coaction 5 P has two components, 

5' = A <g> 1 <g> 1 : Ts.A <8> s? <g> TsC -> Ts/l <8> Ts.A ® sT <g> TsC, 
5" = 1 g) 1 o A : Ts.A ® sT ® TsC -> Ts^l ® s? ® TsC ® TsC, 

and similarly for 5®. As / is a (0, -0)-bicomodule homomorphism, it satisfies the equations 

/(Ao ® 1 ® 1) = (A ® 1 ® 1)(0 ® /) : TsA <g> s? ® TsC -> Ts£ ® Ts£ <g> sQ ® TsD, 
/(l <8> 1 <8> Ao) = (1 ® 1 ® A )(/ ® V) : TsA ® s7 g> TsC -> TsB ® sQ <g> TsD <g> TsD. 

It follows that 

/(Aq <g> 1 ® A ) = (A ® 1 ® A o )(0 ® / <8> V) : 

Ts/1 <8> sP <8> TsC -> Ts£ <g> TsS <8> sQ <8> TsD <8> TsD. 

Composing both sides with the morphism 

1 <8> pr (8)1 <g> pr ®1 : Ts£ <g> TsB <g> sQ ® TsD <g> TsD -> Ts£ ® sQ ® TsD, (5.1) 
and taking into account the identities A (l <8> pr ) = 1, A (pr (8)1) = 1, we obtain 

/ = (A„®1® Ao)(0®/®V)- (5-2) 
This equation implies the following formulas for the matrix coefficients of /: 

fkl;mn= ^ (<Ph ® ' ' ' ® <Pi m ® fpq ® ^ h ® ' ' ' ® ^ j n ) ■ 

iiH hi m +p=fc 

JlH hjn+9=2 

T fc s/1 (8) (8) T'sC -> T m s2 <8> sQ <g> T n sD, k,l,m,n^0. (5.3) 

In particular, if k < m or Z < n, the matrix coefficient fki„mn vanishes. 

Let r : P — > Q be a (0, t/>, /, x, 0" connec ^ on - ^ satisfies the following equations: 

r(A <g> 1 (8) 1) = (A <g> 1 <g> 1)(0 <g> r + x <8> f) : 

Ts.A ® sT ® TsC -> TsB ® TsB ® sQ ® TsD, 
r(l ® 1 ® A ) = (1 ® 1 ® A )(/ ® £ + r <8> V) : 

Ts/l (8) sP (8) TsC -> TsS ® sQ <8> TsD (8> TsD. 

They imply that 

r(A <g> 1 (8) A ) = (A ® 1 <g> A o )(0 <g> / <g> £ + <g> r <g> + x ® / ® : 

Ts/l (8) ® TsC TsS <g> TsS ®sQ® TsD ® TsD. 
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Composing both side with the morphism (|5.1|) we obtain 

r = (Ao ® 1 ® A„)(0 ® / ® C + ® f ® i> + X ® / ® V0- (5-4) 
From this equation we find the following expression for the matrix coefficient r k i- mn : 



p+l+g=n 

® • • • ® im ® fij ® ® • • • ® ^j, ® 6 ® ® • • • ® tp. 

»lH \-i m +i=k 

j + ji H h jp+t+i P + iH \-j P +q=l 

+ ^2 ® ■ ■ ■ ® <Pi m ® r ij ® ^Jl ® • • • ® V'jn 



Jp+q 



M h«m+i=fc 

j'+JlH hjn = / 



a+l+c=m 



+ 0ii ® • • • ® 0i a ® X« ® 0ia+l ® • • • ® 0i a+c ® /y ® V'il ® • • • ® V'jn : 

tlH Ha+U+ia+lA Ha + c+i = k 

J+JlH Kjn=Z 

T fc s/L ® ® T'sC -> T m s2 ® sQ ® T n sD, k,l,m,n^0. (5.5) 

Let A, C be Aoo-categories and let 7 be a gr-span with Ob s CP = Ob .A, Ob t 7 = 
ObC, Par? = Ob s 7 x Ob t 0>, src = pr 1; tgt = pr 2 . Let A = TsA, C = TsG, and 
consider the bicomodule P = TsA Cg> ® TsG. The set of (1, 1, 1, b A , 6 e )-connections 
b v : P — > P of degree 1 with (6^ ) 2 = is in bijection with the set of augmented 
coalgebra homomorphisms T : TsA op Kl TsC — > TsC^. Indeed, collections of complexes 
(0 y (X, F), (i)ylobe 1 are identified with the dg-spans (T, s6q s _1 ). In particular, for each 
pair of objects X G Ob A F G Ob 6 holds (<j) v (X,Y))[i\ = (s7(X,Y),-b$ ). The 
components b^ n and </>^ n are related for (k, n) ^ (0, 0) by the formula 

b y kn = [sA(X k , X fc _a) ® • • • ® sA{X u X ) ® sT(X , F ) ® sC(Fo, Fi) ® • • • ® S e(K-i, F n ) 

► 

sT(X , F ) ® sA op (X , ® • ■ ■ ® s^(X fc _!, ® sG(Y , Y x ) ® • • ■ ® se(F n _i, F„) 

s3>(X , F ) ® sC k (y(X , F ), 7(X k , Y n )) 



? 

k n 



s7(X Q , F ) ® C k (?(X , Y ), 7(X k , Y n )) 
^ s7(X , F ) ® C k ( S T(X , F ), S ?(X fc , Y n )) F n )l , 



where 7 = (12 .../&+ 1) • 7, and anti-isomorphism 7 is defined by ( |3.1| ). 

The components of b v can be written in a more concise form. Given objects X, F G 
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— > 

is*-* 35 



Ob A, Z,W G ObC, define 

hi = [TsA(Y, X) ® s?(X, Z) ® TsC(Z, W) 

-^i* sT(X, Z) ® Ts.A(y, X) <g> TsC(Z, W) 

1 s?(x, z) <g> Tsyr p (x, f) ® Tse(z, w) 

s7(X,Z)®sC k (9(X,Z),?(Y,W)) 
9(X, Z) ® C k (?(X, Z),?(Y, W)) ^ ■?(¥, W) s?(F, W)] 
= [TsA(Y, X) ® s?(X, Z) ® TsC(Z, sJ>(X, Z) ® Ts.A(Y, X) <g> TsC(Z, W) 

sT(x, z) <g> Tsyr p (x, y) ® r s e(z, w) 

^ s?(X, Z) ® sC k (?(X, Z), ?(Y, W)) 
^fltll s y(X, Z) ® C k (s?(X, Z), s7(Y, W)) ^ s3>{Y, W)] , (5.6) 

where 7 : TsA — ► Ts.A op is the coalgebra anti-isomorphism ( |3 . 1| ) , and </r = (p 7 'pr 1 : 
Ts.A op Kl TsC — > sC k . Conversely, components of the A^-functor can be found as 

(f) v = [T S yi op (X, Y) ® TsG(Z, W) TsA(Y, X) <g> TsC(Z, W) 

► C k (s?(X, Z), s?(X, Z) ® TsA(Y, X) <g> TsC(Z, W)) 

" k(1,(c01) ^ c k ( S T(x, z), s ?(y, w)) -^4 sc k (?(x, z), o>(y, w))] . (5.7) 

Define also 

bl = [TsA(Y, X) <g> sJ>(X, Z) ® TsC(Z, pr °^ 10pr °> s?(X, Z) sT(X, Z)] . (5.8) 

Note that 6^ vanishes on T°sA(Y,X) ® s7(X,Z) ® T°sC(Z, W) since y vanishes on 
T° S yi op (X, Y) <g> T°sC(Z, W). It follows that b 7 = b% + b$. 

The following statement was proven by Lefevre-Hasegawa in assumption that the 
ground ring is a field [LH03, Lemme 5.3.0.1]. 

5.2 Proposition, b 7 is a Hat connection, that is, (TsA ® s? <S> TsC, b ) is a bicomodule 
in J2, if and only if the corresponding augmented coalgebra homomorphism <p 7 : TsA op Kl 
TsC — > TsCtu is an A^-functor. 



Proof. According to (5.4), 

b 7 = (A ® 1 ® A )(l ® pr (8)1 ® pr ®6 e + 1 <g> b 7 <g> 1 + ft- 4 <g> pr <g>l <g> pr <g>l) 
= 1 ® 1 ® 6 e + (A ® 1 ® A )(l ® F ® 1) + 6 71 ® 1 <8> 1. 
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The k-span morphism (6 y ) 2 : P — > P is a (1, 1, 1, 0, 0)-connection of degree 2, therefore 
the equation {b y ) 2 = is equivalent to its particular case (6 :p ) 2 (pr <8>1 <g> pr ) = : 
TsA ® sty (g> TsC — > sO 5 . In terms of b T ', the latter reads as follows: 

(&■* <g> 1 <g> 1 + 1 <8> 1 <g> 6 e )F + (A ® 1 <g> A )(l <g> P <g> 1)P = 0. (5.9) 

Note that (b A ®l®l + l®l® fr 6 ^ = (6' A (g)l(g)l + l(8)l(g) & e )^, since fr^prg = 0, 
6 e pr = 0. The second term in the above equation splits into the sum of four summands, 
which we are going to compute separately. First of all, 

(A <g> 1 <g> A )(l ®b%® 1)^ = (A (pr <g> pr ) <g> 1 <g> A(pr <g> pr ))(6*) 2 

= (pr 01 <g> pr )s _1 d 2 s = : TsA <g> <g> TsC -> sIP. 

Secondly, 

(A <8> 1 <g> A )(l <8> 6+ <8> 1)6q + (A ® 1 ® A )(l <g> ft* <g> 1)6* 
= (A (pr ®1) (8) 1 (8) A (l <g> pr ))&+&oo + ( A o(l ® pr ) ® &oo ® A(pr <g> !))&:£ 



= + (1 (8) <g> l)b v 



+ 

C®1 



= [Ts.A(X, F) <g> s(P(y, Z) <g> TsG(Z, W) — -> sT(y, Z) <g> Ts/l(X, F) <g> TsC(Z, W) 



sO>(y, Z) <g> Ts/l op (F, X) <g> TsC(Z, W) s7(Y, Z) <g> sC k (?(y, Z), 9(X, W)) 

i s ?(y, z) ® c k (?(y, z), ?(x, w)) ^ s ?(y, z) ® c k ( s y(y, z), s o>(x, wo) 



ev'-k 



+ [TsA(X, Y) ® s?{Y, Z) ® TsQ{Z, W) mh ™®\ TsA(X, Y) <g> sT(F, Z) <g> TsC(Z, W) 
sT(F, Z) <g> Ts/l(X, y) <g> TsC(Z, sT(F, Z) <g> TsA op {Y, X) <g> TsQ{Z, W) 



? s9(Y, Z) ® sC k (9(Y, Z), ?{X, W)) ^ s?(Y, Z) ® C k (T(F, Z), 9(X, W)) 
^ sT(Y, Z) <8> C k (sT(F, Z), sT(X, W)) -^U sT(X, W)] 
= Y) <8> s?(Y, Z) <g> TsG(Z, W) s?(Y, Z) <g> Ts/l(X, F) <g> TsC(Z, W) 

sO > (y, Z) <g> TsA op (Y, X) <g> TsG(Z, W) ^ s9(Y, Z) ® sC k (y(y, Z), 9(X, W)) 
^ sT(Y, Z) ® C k (T(y Z), T(X, W)) ^ s?(Y, Z) ® C k (s3>(y, Z), s y(x, W)) 



The complexes sy(y, Z) and sT(X, W) carry the differential — 6q . Since ev Ck is a chain 
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map, it follows that ev Ck 6g — (6q <g> 1) ev Ck = — (1 <g> mj k ) ev Ck , therefore 
(A <g> 1 ® A )(l <g> 6+ <g> l)feo + (A <E> 1 ® A )(l <g> 6q ® 1)6^ 

= - Y) <g> s9(Y, Z) <g> TsQ(Z, W) s7(Y, Z) <g> TsA(X, Y) <g> TsQ(Z, W) 

s?(Y, Z) <g> TsA op (Y, X) <g> TsC(Z, ^ Z) <g) sC k (0>(y Z), 9(X, W)) 

^ sT(Y, Z) ® C k (?(y Z), 9(X, W)) s?(Y, Z) ® Z), s?(X, W)) 



(l®mY k )ev c k 



s9(X,W)]. 
c c 

Since [1] is a differential graded functor, it follows that [l]m~ k = mj^fl]. Together with 
the relation bj^s^ 1 = s^mf* this implies that 

(A <g> 1 <g> A )(l <g> 6+ <g> 1)&q + (A <8> 1 ® A )(l <g> &o ® 

= - [T S yi(x, y) <g> s3>(y, z) <g> Tse(z, vy) sT(y, z) <g> t s .a(x, y) <g> T S e(z, vy) 

s3>(y, z) ® Ts^i op (y, x) ® t s c(z, vy) 

s ?(y z) ® sc k mr, z), ?(x, w)) ^ s t(y, z) ® c k (?(y, z), ?(x, w)) 
±A s j>(Y, z) ® c k ( s y(y z), s j>(x, w)) ^ s?{x, w)] . 

Next, let us compute 

A (g>l<8>A 



E 



(A <g> 1 <g> A )(l ®b v + ® l)bl = [TsA(X, Y) ® s9(Y, Z) <g> TsC(Z, ty) 

0T S yi(x, c/) <g> Ts.A(c/, y) <g> sO ) (y, z) <g> T S e(z, y) <g> t s g(v, w) 
t&a(x, u) <g> s7(y, z) ® r s yi(c/, y) ® Tse(z, y) ® T S e(v, w) — 



c/eObAVeObe 

E 



t&a(x, c/) <g> S ?(Y, z) <g> T S yi op (y, c/) <g> T S e(z, y) <g> T S e(y w) 

C/GObAVGObC 

0Tsyi(X, [/) <g> s9(Y : Z) <g> sC k (T(y Z), 7(U, V)) ® TsQ(V, W) El010 *~ 



1/GObAVGObC 



0T S yi(x, c/) <g> sT(yz) <g> c k (T(y,z),T(f/,y)) ®T S e(yiy) 

(7GObAVGObC 

TsA(x, u) ® s3>(y, z) ® c k ( s y(y z), s v(y, v)) ® T S e(y vy) E1 ^ evCk01 > 

?7GObAVGObe 

T S yi(x, c/) ® s y{u, v) ® Tse(y w) E -^i 

C/GObA^GObC 

sO>(Z7, v) ® T S yi(x, c/) ® Tse(y vy) E1 ^ 701 > 

C/GObAVGObC 
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EH 



s7{U, V) ® Ts.A op ([/, X) ® TsC(V, 
(7eObAVeObe 

a O>(tf, V) ® sC k (nU, V), ?(X, W)) 
ueObA,veObe 

£i®[i] 



s7(U, V) ® C k (?(U, V), ?(X, W)) 
c/eObAVeObe 



s?{U, V) ® C k {s?{U, V), s?(X, W)) s?(X, W 

ueObA,VeObe 

The latter can be written as 

[TsA(X, Y) ® s7(Y, Z) ® TsG(Z, W) sV(Y, Z) ® TsA(X, Y) ® TsQ(Z, W) 

i0A O c( 7 ® 7 )®A O) sT ^ ; Z) TsA op(y 7 u) ® TsA op (u, x) ® T S e(z, i/) ® T S e(v, W) 

c/eObAVeObe 

ElgS1 ^ 1 ) Z) ® TsA op (Y, U) ® TsQ{Z, V) ® TsA op (U, X) ® TsC(K, W) 
f/eObAVeObe 



s9{Y, Z) ® sC k (y(F, Z), 1P(C/, V)) ® sC^tf, V), ?(X, WQ) 
c/GObAVeObe 

^gf^C s?(Y,Z)®C k (V(Y,Z),nu,V))® CtWU, V),nX,W)) 
ueObA,veObe 

Emm \ s?(Y,Z)®C k (s9(Y,Z),s'P(U,V))®C k (s9(U,V),sy(X,W)) 
ueObA,veObe 

J](ev c k ®1) ev c k 



Using the identities A c(7 ® 7) = 7A0 (see ||LM04| , Section A.4]), (ev Ck <g>l) ev 



mf" 1 ) ev Ck , and (s 1 ® s 1 )mf k = — &§ k s 1 , we transform the above expression as follows: 



C®1 



(A ®i® Ao)(i®6j®i)6j = - [Ts^ipf, r) ® s?(y, z) ® Tse(z, wo 

s(P(Y, Z) ® TaA(X, F) <g> TsG(Z, W) sD>(Y, Z) ® TsA op (Y, X) ® TsQ(Z, W) 

10A °® A °> s9(Y, Z) ® Ts.A op (y, £7) ® Ts.A op ([/, X) ® TsC(Z, 7) ® TsG(V, W) 
t/eObAVeObe 

^ l(g>lg)c(g>l 



z) ® Ts.a op (y; c/) ® Tse(z, ® t s a° p (u, x) ® Tse(v, 

1/eObA^eObe 

c/eObAVeObe 

s9(y, z) ® s c k (?(r, z), wo) ^ s?(y, z) ® c k (T(r, z), o>(x, w)) 

s0 5 (y, z) ® c k ( s y(r, z), s ?(x, W)) ^ w 
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Finally, 



C®1 



(b A ® 1 ® 1 + 1 ® 1 ® 6 e )^ = [r&A(X, F) <8> s0 5 (y, Z) ® TsC(Z, W) 
sO > (y, Z) ® Ts.A(X, F) ® Tse(Z, IF) s7(Y, Z) <g> TsA op (Y, X) <g> TsC(Z, IF 

T(F, Z) ® C k (T(F, Z), ?(X, IF)) -^U ?(X, IF) s?(X, IF 

since 6^° P = 7^7 : TsA op (Y,X) -> Tsyi op (F, X). We conclude that the left hand side of 
J|) equals (c ® 1) (1 <g) 7 ® 1) (1 <g) R)(s (g> s)" 1 ev Ck s~\ where 



i2 = [T S yi op (F, X) <g> TsC(Z, IF) ^° P01+10 ' >e ) Ts.A op (F, X) ® TsC(Z, IF) 

^ S C k (^F,Z),^(X,LF))] 

- - [T S yi op (F, X) <g> TsC(Z, IF) 



Ts.A op (F, £7) ® Tsyi op (t/, X) ® TsC(Z, F) <g> TsC(F, IF) 



E i®c®i 



^eObAVeObe 

Ts.A op (F, [/) ® TsC(Z, F) <g> Ts/l op ([/, X) (8) TsC(F, PF) E ^^> 
c/eObA^eObe 

sC k (0 3> (F, Z), cf{U, V)) ® sC^iU, V), y (X, W)) 
c/eOb^veObe 



-» s 



^(<^(Y,Z),^JF))]. 



By closedness, b v is a flat connection if and only if R = 0, for all objects X, F £ Ob/l, 
Z, IF G Ob C, that is, if y is an Aoo-functor. □ 

Let A, C be Aoo-categories. The full subcategory of the differential graded category 
Ts/l-TsC-bicomod consisting of dg-bicomodules whose underlying graded bicomodule has 
the form TsA® s 1 ? ®TsG is denoted by ^l-C-bimod. Its objects are called Aoo-bimodules, 
extending the terminology of Tradler | Tra01 |. 

5.3 Proposition. The differential graded categories Tl-C-bimod and A 00 (yi op , C; C k ) are 
isomorphic. 



Proof. Proposition [572] establishes a bijection between the sets of objects of the differ- 
ential graded categories A 00 (yi op , C; C k ) and /l-C-bimod. Let us extend it to an isomor- 
phism of differential graded categories. Let 0, if) : A op , C — > C k be A^-functors, T, Q 
the corresponding .A-C-bimodules. Define a Ik-linear map $ : Aqo (.A op , C; C k )(0, ip) — > 
yi-e-bimod(y, Q) of degree as follows. An element rs' 1 G A OQ (A op , G; C k )(0, ip) is 



50 



mapped to an (id^yi, idr s e)-bicomodule homomorphism t = (rs 1 )$ : TsA<g>s'3 } <g>TsQ - 
TsA ® sQ ® TsC given by its components 

= (— y +1 [ 

s yi(x fc , x fc _i) ® ■ • • ® syL(x 1; x ) ® s y(x , f ) ® se(F , ® • • • ® se(y n _i, F n ) 

s?(X , Y Q ) ® sA op (X , X x ) ® • • • ® sA op (X k -i, X k ) ® se(Y , Fx) ® • • • ® S e(F n _ 1; F n ) 

^ s y(x , f ) ® s c k (T(x , f ), y n )) 

S T(X , F ) ® C k ( S y(X , F ), sQ(X fc , F n )) sQ(X k , Y n )] , fc, n > 0, 
or more concisely, 

t = [T&A(X, F) ® s5>(F, Z) ® TsC(Z, W) 

s [p(F, Z) ® TsA(X, F) ® TsC(Z, IF) 



sT(F, Z) ® Ts.A op (F, X) ® Tse(Z, PF) sT(F, Z) ® sC k (?(F, Z), Q(X, IF)) 

^3 sT(F, Z) ® C k (s?(F, Z), sQ(X, IF)) sQ(X, IF)] , 

where f = r ■ pr x G span(Ts.A op Kl TsG, sC k )(Ob <f), Ob r/>). Closedness of gr implies 
that the map $ : Aoo(yi op , C; C k )(0, — > j4-C-bimod(y, Q) is an isomorphism. Let 
us prove that it also commutes with the differential. We must prove that ((rs _1 )$)<i = 

(rs- 1 mf 9aGA ° P ' e;£,l) )$ = ((rB 1 )s- 1 )^ for each element r G sA^(.A op , 6; C k )(0, ip). Since the 
both sides of the equation are (id^yi, idT S e)-bimodule homomorphisms of degree degr + 1, 
it suffices to prove the equation [((rs _1 )<I>)o(] v = [((r5 1 )s" 1 )$] v . Using (|5.4|), we obtain: 

[((rs- 1 )$)rf] v = (td) v = (t ■ b Q ) v - (-Y(b* -t) v = t-b Q - (-)V ■ t 

= t-b° (5.10) 

- (-)'(Ao® 1® A )(l(8)6j® l)t (5.11) 
+ t ■ 6 Q - (-)'(Ao (8) 1 ® A )(l ® 6* ® l)t (5.12) 

- (-)*(& yl ® 1 ® 1 + 1 ® 1 ® 6 e )t. (5.13) 

Let us compute summands (|5.10|) - (p.l3|) separately. According to (|5.2j), expression ( |5.10| ) 
equals 



t ■ bl = (A ® 1® A )(l®t® 1)6$ 



[T&A(X, F) ® sO>(F, Z) ® TsC(Z, IF) 



A ®l(g)Ao 



t s .a(x, c/) ® r s yi(f/, f) ® s y(F, z) ® r s e(z, f) ® t s c(f, if) 



c/GObAVeObe 

TsA{X, U) <8> s7(Y, Z) ® T&/l(tf, F) ® TsC(Z, F) ® TsC(F, IF) S 1 ® 1 ®^® 1 ®* 



c/eObAVGObe 
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TsA{X, U) ® s?{Y, Z) ® TsA op (Y, U) ® TsG(Z, V) ® TsG(V, W) Y - mmf ®\ 
t/eObAVeObe 

0T S yi(x, u) ® s?(y, z) ® sC k (?(Y, z), q(u, v)) ® r s e(v, wo E1010s " 1[1]01 > 

f/eObAVGObe 

TsA(X, 17) ® s9(Y, Z) ® C k (s?(Y, Z), sQ(U, V)) ® TsG(V, W) 
ueObA,veObe 

TsA{X, U) ® sQ(C/, V) ® TsQ{V, W) 
c/eObA^eObe 

sQ(C7, V) ® Ts.A(X, [/) ® TsC(y, WO El ® 701 > 
c/eObyi^eObe 

sQ(t/, V) ® Ts/l op (f7 X) ® TsC(V, WO E -^i 
ueObAyeObe 



S Q(C7, ^) ® sC k (Q(U, V), Q(X, W)) 



Ei®« _1 [i] 



c/eObAVeObe 

s Q(tf, V) ® C k (sQ(U, V), sQ(X, W)) ^> sQ(X, W)] . 
c/eObAVeObe 



As in the proof of Proposition 5.2, the above composite can be transformed as follows: 



-) r+1 [TsA{X, Y) ® s7(Y, Z) ® TsQ{Z, W) 



C®1 



s(P(y, Z) ® raA(X, F) ® TsQ(Z, W) 



l®A c(7ig)7)®Ao 



0sT(F, Z) Ts.A op (y, [/) ® Ts.A op (£7 X) ® TsC(Z, 1/) ® Tse(v, wo 



c/eob AVeObe 

2 l®lg)c(g>l 



Z) ® Ts.A op (y, U) ® TsC(Z, V) ® Ts/l op ([/, X) ® Tse(V, wo 
i/eObA^eObe 

™^ s (P(y,z)® s c k (T(F,z),Q(c/,y))® s c k (Q(c/ ) y) ) Q(x ) w ? )) 

(7eObAVeObe 

Ei^-MH^ M s y (r? z) c k ( s y(r, z), S Q(Z7, 1/)) ® C k (sQ(U, V), sQ(X, W)) 
c/eObAVeObe 

E(evCk01)evCt > S Q(X, W 

Applying the already mentioned identities A c(7 ® 7) = 7A0, (ev Ck ®1) ev Ck = 
mf") ev c . and (s^ 1 ® s^Mmi 11 = — frf's -1 , we find: 



t • b% = (-) r [TsA{X, Y) ® Z) ® TsC(Z, W) 



C®1 



s?(y, z) ® Ts^i(x, y) ® Tse(z, wo s9(y, z) ® Tsyr p (y, x) ® Tse(z, wo 
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10A °® A °> s9(Y, Z) ® TsA op (Y, U) ® Ts/l op (£/, X) ® TsC(Z, V) ® Tse(7, IV) 
t/eObAVeObe 

S^® 1 ®'® 1 , s?(Y, Z) ® Ts.A op (Y, tf) (8) TsC(Z, V) ® TsA op (U, X) ® TsG(V, W) 
i/eObA^eObe 



s(P(Y, Z) ® sC k (?(Y, Z), Q(Z7, V)) ® sC k (Q(f/, V), Q(X, IV)) 
(yeObAVeObe 

s ?(y, z) ® s c k (y(r, z), q(x, w)) 

s?(Y, Z) ig) C k (s?(Y, Z), sQ(X, W)) sQ(X, W)] . 

Similarly, composite ( |5.il| ) equals 

- (-)'(Aq ® 1 ® A )(l ® 6j ® 1)1 = - [r&A(X, Y) ® sO>(Y, Z) ® TsQ(Z, W) Ao& ® A % 

Ts./t(X, U) ® TsA{U, Y) ® s?{Y, Z) ® TsQ{Z, V) ® TsG{V, W) Y < mc ® l ®\ 
c/GObAVeObe 

TsA(X, U) ® s7(Y, Z) ® TsA(U, Y) ® TsG(Z, V) ® TsG(V, W) S 1 ® 1 ®^ 1 ® 1 , 
c/eOb^veObe 

0Ts.A(X, U) ® s7(Y, Z) ® TsA op (Y, U) ® TsG(Z, V) ® TsG(V, W) 
[/eObyi,veObe 

0Ts.A(X, U) ® s?(Y, Z) ® sC k (?(Y, Z), ?(U, V)) ® TsG(V, W) El818 '" 1[ll8 » 
1/eObAVeObe 

J2 l®ev c k 01 



0Ts/l(X, 17) ® s^Y, Z) ® C k (s?(Y,Z), s9(U, V))®TsG(V,W) 
ueOhA,v&obe 

T&Apf, U) ® sT{U, V) ® TsQ{V, W) 
c/eObAVeObe 

s?(U, V) ® TsA(X, U) ® TsG(V, W) El0701 > 
c/eOb^veObe 

s3>(£7, V) ®Tsyi op (t/,X) ®T S e(K,iy) 
(7eObAVeObe 

dP(tf, V) ® s£(3>(l7, V), Q(X, WO) El ^" Ml l 
c/eObA^GObe 

v) ® c k ( s y(f/, 7), s q(x, w)) sQ(x, w 

c/eObA^eObe 
= (-) r+1 [TsA(X, Y) ® s7(Y, Z) ® TsG(Z, W) 



s?(Y, Z) ® TsA(X, Y) ® TsG(Z, W) 



l®A c(7®7)(g)Ao 



0sT(Y, Z) ® TsA op {Y, U) ® TsA op {U, X) ® TsQ{Z, V) ® TsQ{V, W) 



c/eObAVeObe 
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Em ® c ® 1 > s?(Y, Z) ® TsA op (Y, U) ® TsC(Z, V) ® Ts.A op (f/, X) ® TsC(y, 
f/eObAVeObe 

s y(r,z)® s c k (T(r ) z),T(f/,v))® s c k (T(f/,v),Q(x,^)) 

ueObA,veObe 
(7eObAVeObe 

E(evC ^ 1)cvCk ; S Q(X, W 

;-) r [TsA(X, Y) ® s?(Y, Z) g> TsC(Z, W) 



sO>(y, z) ® t s .a(x, y) ® T S e(z, w) s9(y, z) ® TsA op (y, x) ® Tse(z, w) 
1 ® Ao0A °> s0 3 (y, z) <g> T S yi op (F, c/) <g> T S yi op (f/, x) ® T S e(z, y) ® t s g(v, w) 

Elgsl ^ 1 > z) ® t s .a op (y, c/) ® t s g{z, v) ® t s a° p (u, x) ® Tse(v, 

f/eObAVeObe 

s y(r,z)® s c k (T(r,z),T(f/,y))®,c k (T(f/,y),Q(x,^)) 

i/eObA^GObe 

s?(Y, Z) ® sC k mY, Z), Q(X, W)) 

s5>(Y, Z) ® C k (s?(Y, Z), sQ{X, W)) ^ sQ(X, W)] . 

By ( |5.2| ), expression ( |5.12| ) can be written as follows: 

t-bo- H*( A o ® 1 ® A )(l ® &o ® !)* 
= (A ® 1 ® Ao)(l ® * ® l)(pr 01 ® pr )&g) 

- (-)'(Ao ® 1 ® Ao)(l ® pr ®1 ® pr ®1)(1 <g> ® l)t 

= *'-6S)-H t (l®6S)®l)^ 

therefore 

* • &o - H*( A o ® 1 ® A )(l ® &o ® !)* 
= (-) r+1 [TaA(X, Y) (8) s3>(Y, Z) <g> TsC(Z, W) 

sO>(Y, Z) <g> TsA(X, Y) <g> TsC(Z, JY) 



sO>(Y, Z) ® Ts.A op (Y, X) ® TsC(Z, W) s?(Y, Z) ® sC k (?(Y, Z), Q(X, W)) 
ms ~ 1[1 \ s g>(y j z) ® C k ( S y(y, Z), sQ(X, W)) -^U S Q(X, sQ(X, W 

- [TsA(X, Y) ® s?(Y, Z) ® TsQ{Z, W) ^l^X TsA(X, Y) ® s3>(Y, Z) ® TsG(Z, W) 
^ s?(Y, Z) ® TsA(X, Y) ® Tse(Z, W) 
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s?(Y, Z) <g> TsA op {Y, X) <g> TsC(Z, W) s9{Y, Z) <g> sC k (T(y, Z), Q(X, W)) 

^3 sO>(y, z) ® c k ( s j>(y, z), S Q(x, wo) s q(x, w)] 

= (-) r+1 [Ts.A(X, Y) <g> s?(F, Z) <g> TsC(Z, W) 

s o>(y > z) ® T&A(X, V) ® TsC(Z, W) 
sO ) (y Z) ® TsA op (Y, X) ® TsC(Z, W) s3>(Y, Z) ® sC k (?(Y, Z), Q(X, W)) 

s ?(y z) ® c k ( S T(y z), S Q(x, w)) °*<-<&>°^ sQ(x? ^ . 

The complexes s7(Y, Z) and sQpT, W) carry the differential — b^ . Since ev Ck is a chain 

map, it follows that ev Ck 6q — (6q <g> 1) ev Ck = —(1 ® mf k ) ev Ck . Together with the relation 

c c 
^* s -i[l] — s" 1 [l]m7 k this implies that 

t-bo~ (-)'(Ao ® 1 ® A )(l ® 6^ ® l)i 

= (-) r y) ® sO>(y, z) ® Tse(z, w) 

s7(Y, Z) ® TsA(X, Y) ® TsC(Z, W) 
s9(Y, Z) (g TsA op (Y, X) ® TsQ(Z, W) s?(Y, Z) ® sC k (?(Y, Z), Q(X, W)) 

108-1 [11 > s7(y, z) ® c k ( s y(y Z), sQ(X, W)) ^ sQ(X, W)] . 

Finally, notice that 

- (-Y(b A (g)l(g)l + Kg) Kg) b e )i 

= - [TsA(X, Y) (g sJ>(Y, Z) (g TsG(Z, W) s?(Y, Z) (g TsA(X, Y) ® TsC(Z, W) 

sJ>{Y, Z) (g TsA op (Y, X) ® TsG(Z, W) 



sT(y, z) ® c k ( s y(y, z), s q(x, vy)) -^X s q(x, vy)] . 



Summing up, we conclude that (td) v = (-) r (c (g 1)(1 ® 7 ® 1)(1 ® i?)(l ® s^M 1 ]) evQ S 
where 

= [TsA op (Y, X) (g TsQ(Z, W) 

TsA op (Y, u) (g TsA op (u, x) ® TsC(z, y) ® TsC(y, iy) E10c01 > 

f/eObAVeObe 

TsA op (Y, U) (g TsG(Z, V) ® T S yi op (f/, X) ® TsQ(V, W) ^® f+m ^\ 
ueObA,veOhe 

s c k (y(y z), q(x, vy))] + f&f k - (-y(b A ° p ® 1 + 1 ® b e )f 

= [r^ _ (-y(b A ° P 01 + 1® 6 e )r] v = [r5x] v . 

55 



The claim follows. 

Let us prove that the constructed chain maps are compatible with the composition. 
Let 0, ip, x '■ -^ oP ) C — > C k be Aoo-functors, D 5 , Q, T the corresponding Zl-C-bimodules. 
Pick arbitrary r G sAqq (,A op , C; C k ) (0, V>) and g G sAoo(yi op , C; C k )(^, x), and denote by 
t = (rs^ 1 )^ and u = (qs' 1 )® the corresponding bicomodule homomorphisms. We must 
show that 

t ■ u = ((rs- 1 <g> gs- 1 )mf 2 ^ (ylOP ' e;Sk) )$ = R 9+1 ((r <g> q)B 2 s~ 1 )<S>. 
Again, it suffices to prove the equation (t ■ u) v = (— ) 9+1 [((r ® q)B 2 s~ 1 )&] v . We have: 

(t • w) v — t ■ u — (Ao ® 1 <E) A )(l <g> i <g> l)u 
= (-) r + 9 y) <g> sT(F, Z) <g> TsG(Z, W) 

A °^ A( \ 0T s yi(X, U) <g> TsA(U, Y) <g> s?(Y, Z) <g> TsQ(Z, V) <g> TsC(y W) 
c/eObA^eObe 

E10C0101 > C/) <g> s9(Y, Z) <g> Ts/l(C/, y) <g> TsC(Z, y) <g> TsC(y w) 

u&obA,veObe 

g_igig7gigi Tsyl ( X) £/) sT ( F) Z ) Ts yi P(y, [/) <g> TsC(Z, y) <g> TsG{V, W) 
c/eObA^eObe 



0Ts/l(X, [/) <g> sT(y, Z) <8> sC k (T(y, Z), Q(C/, V)) ® TsQ(V, W) 
c/eObAVeObe 

QTsA(X,U)®sy(Y,Z)®C k (s3>(Y,Z),sQ(U,V))®Tse(V,W) 
ueObA,veObe 



TsA(X, U) <g> sQ(U, V) ® TsG(V, W) 
ueObAyeObe 



sQ(C/, V) <g> Ts.A(X, [/) <g> TsC(y W) 
c/eOb.A,veObe 

S Q(c/,y) ®T S yi op (f/,x) <8)Tse(v;w) 

(7eObAVeObe 



S Q(c/, v) ® s c k (Q(c/, y), t(x, w)) 

■A^eObe 

sQ(C/, y) ® C k (sQ(U, V), s7(X, W)) ^> s7(X, W)] 



c/eObA^eObe 



(-) r [T S yi(x, y) ® sT(y z) <g> Tse(z, w) s0 5 (y z) <g> t s .a(x, y) <g> T S e(z, w) 



1®Aoc(7®7)<8iAo 



C/GObAVGObe 

E i®i®c®i 



0sT(y z) <g> T S yi op (y c/) <g> t s .a op ([/, x) <g> T S e(z, v) ® t s q{v, w) 



s?(Y, Z) ® TsA op (Y, U) <g> TsC(Z, y) ® T S yi op (f/, X) ® TsC(y W) 



1/GObAVGObC 
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s9(Y, Z) ® sC k (?(Y, Z), Q(U, V)) ® sC k (Q(U, V),7(X, W)) 

U£OhA,V£Ohe 

El0 " 1[11 ^' 1[11 s?(Y, Z) ® C k (s7(Y, Z), sQ(U, V)) ® C k (sQ(U, V), s7(X, W)) 
ueObA,v&obe 

E(cvCk01)cvCk > s7(X, W)] 

(-) r+1 [TsA(X, Y) ® s?(Y, Z) ® TsC(Z, W) 

sT(Y, z) ® t s .a(x, y) ® T S e(z, w) s j J (y, z) ® T S yi op (y, x) ® T S e(z, W) 

l®A ig)Ao 



E 



s?(y, Z) ® TsA op (Y, U) ® Ts.A op (f/, X) ® TsC(Z, V) ® TsC(\/, W) 

sT(y, z) ® T S yi op (y, c/) ® Tse(z, \/) ® Ts/i op (f/, x) ® Tse(v, w) 

E 



s?(Y, Z) ® S C k (T(y Z), □([/, V)) ® «C k (Q(C/, V), T(X, W)) 
ueObAyeObe 

^— ^ s ?(y, z) ® sC k (T(y z), t(x, wo) 

s9(Y, Z) <g> C k (sT(y Z), s7(X, W)) ^ s7(X, W)] . 

It remains to note that 

[(r ® g)5 2 ] v = [TsA op (Y, X) ® TsC(Z, W) 

Tsyi op (y, [/) ® TsA op (U, X) ® TsC(Z, \/) ® TsC(\/, W) - — 
ueObA,veObe 



T S yi op (y, c/) ® Tse(z, \/) ® T S yi op (f/, x) ® Tse(\/, w) 

sC k (T(y, Z), Q(C/, V)) ® sC k (Q(C/, V), T(X, W)) 



f/eObAVeObe 



l/GObAVGObC 

^ S C k (T(y,Z),T(X,^))], 

and (-) r+1 = = (_)<?+! (_)dcg[(r0 9 )B 2 ]+i > The daim follows from the 

definition of $. 

Both dg-categories .A-C-bimod and Aoo(>A op , C; C k ) are unital. The units are the iden- 
tity morphisms in the ordinary categories Z°(>A-C-bimod) and Z (A oo (A op , 6; C k )). The 
dg-functor $ induces an isomorphism Z°$ of these categories. Hence, Z°$ is unital. In 
other words, $ is unital. The proposition is proven. □ 

Let us write explicitly the inverse map $ _1 : ,A-C-bimod(y, Q) — ► (A op , C; C k ) (0, ip). 
It takes a bicomodule homomorphism t : TsA ® s7 ® TsG — > TsTl ® sQ ® TsC to an 



57 



Aoo-transformation rs 1 G Aoo(.A op , C; C k )(<ft, if)) given by its components 



f = (-y[TsA op (Y,X)®Tse(Z,W) -^TsA(X,Y)®Tse(Z,W) D " v 

c k ( s y(r, z), s?(y, z) ® t s a(x, y) ® T S e(z, w)) £k(1,(c01)t) > 

C k ( S y(F, Z), sQ(X, W)) ^ sC k (?(Y, Z), Q(X, W))} . (5.14) 

5.4. Regular Aoo-bimodule. Let A be an A^-category. Extending the notion of 
regular Aoo-bimodule given by Tradler ||Tra01|, Lemma 5.1(a)] from the case of A^-algebras 



to Aoo-categories, define the regular A-A-bimodule 51 = "Ma as follows. Its underlying 
quiver coincides with A. Components of the co differential 6 K are given by 

P = [TsA ®sA® TsA TsA -^U sA] , 

where \it s a is the multiplication in the tensor quiver TsA. Equivalently, bf n = b£ +1+n , 
k, n ^ 0. Flatness of 6 W in form Q5.9| ) is equivalent to the A^-identity b A ■ b A = 0. Indeed, 
the three summands of the left hand side of (|5.9| ) correspond to three kinds of subintervals 
of the interval [1, k + 1 + n] (1 Z. Subintervals of the first two types miss the point k + 1 
and those of the third type contain it. 

5.5 Definition. Define an Aoo-functor Homyi : A op ,A — > C k as the Aoo-functor K that 
corresponds to the regular .A-./1-bimodule 51 = 51a- 

The Aoo-functor Hom./i takes a pair of objects X, Z e Ob A to the chain complex 
(A(X, Z),mx). The components of Hom^ are found from equation ( |5.7| ): 

(Rom A ) kn = [T k sA op (X, Y) ® T n sA(Z, W) T k sA(Y, X) ® T n sA(Z, W) 
C k (sA(X, Z), sA(X, Z) <g> T k sA(Y, X) <g> T n sA(Z, W)) 
Sk(1 ' (C01) ^ +1+J > C k (sA(X, Z), sA(Y, W)) t% sC k (A(X, Z),A(Y, W))} . (5.15) 



Closedness of the multicategory Aoo | ]BL1V107| , Theorem 12.19] implies that there exists 



a unique Aoo-functor <3/ : A — > A 00 (>l op ; C k ) (called the Yoneda A^-functor) such that 



Honu = [yi P, A A° p , A^_(A op ; C k ) ^> Cj . 

Explicit formula [[BLM07| , (12.25.4)] for evaluation component ev* °° shows that the value 
of *3f on an object Z of A is given by the restriction Aoo-functor 

Z& = H Z = H% = Homyt \ Z : A op -> C k , X Z), m x ) = Hom^X, Z) 
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with the components 

Hi = (HomAo = (-l) k [T k sA°nX,Y) ^ 

C k {sA{X, Z), sA{X, Z) ® T k sA op {X, Y)) ^ggW) 

C k (sA(X, Z), sA(Y, Z)) t% sC k {A{X, Z),A(Y, Z))] , (5.16) 

where tu° = (° k \ "' ^ o) e an d w c * s the corresponding signed permutation. 

Restrictions of A^-functors in general are defined in |[BLM07| , Section 12.18], in particular, 
the fc-th component of Hohia^ described by [loc. cit., (12.18.2)] equals (l,Ob^)ev^. 
Equivalently, components of the A^-functor H z : A op — > C k are determined by the 
equation 

s ®k H Z s -l = (- 1 )*(M)/W[T*A ap (X,Y) ™* 

C k (A(X, Z),A(X, Z) ® T k A op (X, Y)) C k (.A(X, Z),A(Y, Z))] . 

Notice that ev fe ^ vanishes unless m ^ 1. Formula | |BLM07| , (12.25.4)] for the compo- 
nent ev fc |° implies that the component (Hom^)fc n is determined for n ^ 1, k ^ by 
which is the composition of W n with 

pr fc : s^A^C^iH^H^^C^T'sA^X^^^XH^YH^) 

as follows: 

(HomyOfcn = [T k sA op (X, Y) <g> T n sA(Z, W) 

* T fc ^°p(x,y) ® c k (T fc s yL°p(x,r), s c k (yi(x,z),yi(F,iy))) 

— , s c k (yi(x,z),yi(y,^ 



Conversely, the component is determined by the components (Hom./i)fc n for all k ^ 
via the formula 



^ nfc = [T n sA{Z, W) C k (T fc s.A op (X, F), T k sA op {X, Y) <g> T n sA{Z, W)) 

c k (i,(Hom^ )fc „) c k ( T fc syL o P ( X) F)) s c k (yi(x, z),yi(y, w 



Plugging in expression (|5.15| ) we get 

W nk = [T n sA(Z, W) ^> C k (T k sA op (X, Y), T k sA op (X, Y) <g> T n sA(Z, W)) 

C k (l,cocv c lQ 

C k {T k sA op (X,Y),C k (sA(X, Z),sA{X, Z) ®T k sA op (X,Y) ®T n sA(Z, W))) 

^(l,C lt (l,(l®7®l)(c®l)(A_ 1 _ L )) , , 

fc+1+ " > C k (T k sA op (X, Y),C k (sA(X, Z), sA{Y, W))) 
- k(1,hlls) > C k (T k sA op (X, Y), sC k (.A(X, Z),A(Y, W 
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Another kind of the Yoneda A^-functor F : A — > A 00 (A op ;C k ) was introduced 
in ||LM04| , Appendix A]. Actually, it was defined there as an A^-functor from A op to 
Aoo(A; CjJ. It turns out that Y which we shall call the shifted Yoneda A^-functor differs 
from W by a shift: 

F = ^-Aoo(l;[l]) :A^Aoo(.A op ;Cj. (5.17) 

Indeed, an object Z of A is taken by F to the Aoo-functor ZY = h z : A op — > C k , 
X i-> (&A(X, Z), — 6 X ) = (A(X, Z),m x )[l] = {XH z )[l}. The components of H z ■ [1] 



coev k 
> 



H£ S - x [l]s = (-l) k [T k sA op (X,Y) 

C k {sA{X, Z), sA{X, Z) ® T k sA op {X, F)) z^L^ 

C k (sA(X, Z), sA(Y, Z)) sC k ( S A(X, Z), s.A(F, Z))] 

coincide with the components h z by ||LM04| , Appendix A]. Therefore, h z = H z ■ [1]. 
Furthermore, the components Y n are determined by Y n k = Y n ■ pr fc , which turn out [loc. 
cit] to coincide with 



^ fc -C k (l,s- 1 [l]s)= prwi(z,iF) 



coev^k 



c k (r fe s yi op (x, f), r fc s yi op (x, F) ® r n s .A(z, if)) - k(1 ' cocvCk) > 

C^(T fe sA op (X,F),C k (sA(X, Z),sA(X, Z) ®T k sA op (X,Y) ®T n sA(Z, IF))) 
c k (i,c k (i,(i^i)(^i)^ +1+J ) ^T k sA° p (X n ^(sA(X, Z), sA(Y, IF))) 

C k (T fc S yi op (X, F), sC k (sA(X, Z),sA(Y, IF)))] 

[T" a yi(Z, IF) — 

c k ( s yi(x, z) ® T fc s yi op (x, f), s< a(x, z) ® T fc s yi op (x, f) ® T n s yi(z, if)) 

^ c k (T fc s yi op (x, F), c k (sA{x, z), s yi(F, if))) 

c k (T fc s /i op (x, f), *c k (a/i(x, z), s< a(f, if 



The natural isomorphism (p Ck : C k (A, C k (B , C)) — > C k (5 ® A, C) is found from the equa- 
tion 



[fi ® A ® C k ( A C k (5, C)) 5 (9 C k (£, C) ^ C] 

= [B ® A<g> C k (A, C k (.B, C)) -=— > 5 <g> A <g> C k (-B <g> A, C) > C] . 



Its solvability is implied by closedness of Ck. Summing up, ([5.171) holds and the two 
Yoneda A^-functors agree. 
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5.6. Restriction of scalars. Let f : A — > 23, g : & — > "D be Aoo-functors. Let CP be a 
B-D-bimodule, <fi : 23 op , D — > C k the corresponding A^-functor. Define an .A-C-bimodule 
f7 g as the bimodule corresponding to the composite 

Its underlying gr-span is given by f 7 g {X,Y) = T(Xf,Yg), X e Ob A, Y e Ob C. 
Components of the codifferential b sV<1 are found using formulas (|5.6| ) and ( |5.8| ): 

= [TsA(X, Y) <g> s7(Yf, Zg) <g> TsG(Z, W) 

-^1* s7(Yf, Zg) ® TsA(X, Y) ® TsG(Z, W) 
s?(Yf, Zg) TsA op (Y, X) TsQ{Z, W) 
mf ° P ' 9) ^ s9(Yf, Zg) s^Yf, Zg), 9(Xf, Wg)) 
^% s?(Yf, Zg) ® £(rfP(Y/, Zg), s?(Xf, Wg)) ^ s?(Xf, Wg)} 



[TsA{X, Y) <g> s?(Yf, Zg) ® TsG(Z, W) 



Ts23(X/, K/) ® sO>(y/, Z<?) ® TsV{Zg, Wg) 
s3>(Y/, Z<?) ® TsS(X/, y/) ® T S D(Z<7, Wg) 
S ?(r/, Z<?) ® Ts<B°»{Yf, Xf) ® T S 2)(^, W^) ^ 

s j>(y/, z^) ® s c k (T(y/, zs), w^)) 

S T(y/, Zg) C k (sT(Yf, Zg), s?(Xf, Wg)) ^ s?(Xf, Wg)} . 
&if 9 = [TsA(X, Y) ® s3>(y/, Z#) ® TsC(Z, W) pr ° 01,8pr ° > s j>(yf, Zg) 



^s?(Yf,Zg)}. 



These equations can be combined into a single formula 

W** = [TsA(X, Y) s?(Yf, Zg) ® TsG(Z, W) 

TsViXf, Yf) s9<Xf, Zg) TsV(Zg, Wg) s9(Xf, Wg)} . (5.18) 

Let / : A —>■ 23 be an Aoo-functor. Define an (id-TsA, idT S yi)-bicomodule homomorphism 
: Oiji — A — > /!>/ = /(3^b)/ of degree by its components 

t f = [TsA(X, Y) ® sA(Y, Z) TsA(Z, W) -^4 TsA(X, W) — U s23(X/, W/)] , 
or in extended form, 

*£• = [ sA ( x k, ® • • • ® sA(Xi, X ) ® sA(X , Z )® 

® &A(Z , ZO ® • ■ • ® sA{Z n _ u Z n ) Ii±l±^ s V(X k f, Z n f)} . (5.19) 
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We claim that tfd = 0. As usual, it suffices to show that it? d) v = 0. From the identity 

{t s d) y = t f ■ bf^f - b %A ■ i f = (A ® 1 <g> A )(l ® t J ® 1)6> (3 ^ 

-(6^01(8)1 + 1(8)1® b A )i s - (A ® 1 ® A )(l ® ft*-* ® l)i f 

it follows that 

(t f d) v = [TsA{X, Y) ® &A(Y, Z) ® T S yi(Z, JF) A °^ A % 

(£)TsA(X, U) ® r&A(E7, F) ® s.A(F, Z) ® TsA{Z, V) ® TsA(F, W) g^f^ 
r/,VGObyi 



Ts.A(X, U) ® TsA(C/ ) V) ® Ts.A(F W) 
Ta./l(X, U) ® sB(I7/, V/) ® TsA(V, W) E/w > 

£/,VeOb.A 



TsViXf, Uf) ® s3(tf/, V/) ® TsS(F/, JF/) 
t/,veOb./i 



- [T&A(X, F) ® sA(Y, Z) ® Tsyi(Z, IF) 



7VB(A7, IF/) ► sS(X/, Wf)] 

b Jl ®l®l+l®l(g)b A 



TsA(X, Y) ® sA(F, Z) ® Ts.A(Z, IF) Ts/t(X, IF) — U sS(X/, IF/)] 

- [T S yi(x, f) ® s yL(F, z) ® T S yi(z, if) a °^ 10A ° 

Ts.A(X, 17) ® TsA(U, Y) ® &A(Y, Z) ® Ts./t(Z, F) ® TsA(V, W) 

S 1 *"™* 1 , Ts.A(X, [/) ® TsA(U, V) <g> Ts.A(F IF) ^i^l^ 
r/,VGObyi 



i/.veobyi 



r&A(Jf, C/) ® &A(17, F) ® TsA(F, W) ^" T3A > TsA(X, W) 

Likewise Section |T4] we see that the equation (Vcf) v = is equivalent to / • b = b A ■ f. 

5.7 Corollary. Let f : A — > !B be an A^-functor. There is a natural Aoo-transformation 
r f : Rom A -> (/ op , /) ■ Hom 2 : .A op ,.A C k depicted as follows: 

nop a Hom - 4 > r 

/ op J \j 4- Hom s 

It is invertible if f is homotopy full and faithful. 
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Proof. Define rf = e sA^jA ?, A;C k )(Eom A , (/°p, /) Hom s ), where tf : A ^ 

f'Bf is the closed bicomodule homomorphism defined above. Since $ is an invertible chain 
map, it follows that r* is a natural Aoo-transformation. Suppose / is homotopy full and 
faithful. That is, its first component f\ is homotopy invertible. This implies that the 
(0, 0)-component 

x>z r f 00 =[k^ C k (sA(X, Z), sA(X, Z)) 

C k (sA(X, Z), sV(Xf, Zf)) -^4 sC k (A(X, Z), £(X/, Zf))] , 



found from ( |5.14j ) and ( |5.19| ), is invertible modulo boundaries in sC k (A(X, Z), H>(Xf, Zf)), 



thus r* is invertible by [|BLM07| , Lemma 13.9]. The corollary is proven. □ 



5.8. Opposite bimodule. Let CP be an Tl-C-bimodule, <p '■ A op , G — > C k the correspond- 
ing Aoo-functor. Define an opposite bimodule T op as the C op -.A op -bimodule corresponding 
to the Aoo-functor 

(id e , id^op, 0)^^ 2 = [TsG E TsA op — TsA op 13 TsG TsCj . 

Its underlying gr-span is given by ? op (Y,X) = T(X, Y), X e Ob A, Y e Ob G. Compo- 
nents of the differential b^ are found from equations (|5.6|) and ( |5.8|) : 

b^ P = [TsG op (W, Z) ® sT p (Z, Y) ® TsA op (Y, X) 

sT(Y, Z) <g> Tse op (W, Z) <8) Ts.A op (y, X) s3>(y, Z) <g> TsC(Z, W) <g> Ts.A op (y, X) 

s9(y, z) ® T S yi op (F, x) ® t s c(z, wo s?(y, z) ® sC k (?(y, z), ip(x, w)) 



^ s ' 1[1 \ s?(Y, Z) ® C k (s?(F, Z), s?(X, WQ) s?(X, = S r p (^, X 



[TsG op (W, Z) ® sT op (Z, y) ® Ts/l op (y, X) 



(13)' 



T S yi op (y, x) ® sT(y, z) ® T S e op (w, z) 
t s .a(x, y) <g> s0 5 (y, z) ® Tse(z, w) s?(x, w) = sr p (w, x 



&jT = [T S e op (iy, x) ® s r p (z, y) ® TsA op (y, x) pr ° 010pr ") s ?(y, z) 

These equations are particular cases of a single formula 
6^ = [TsG op (W, Z) <g> sr p (Z, Y) TsA op (Y, X) ^ 



^s?(Y,Z)]. 



TsA op (Y, X) ® s?(y ) Z) ® Tse op (W^, Z) 



TsA{X, Y) ® s9(Y, Z) <g> TsC(Z, W) -^-> sT(X, = s5> op (W, X)] 
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- [TsG op (W, Z) ® sT op (Z, Y) <g> TsA op (Y, X) 



(13)" 



Ts/i op (r, x) <g> s r p (z, y) ® Tse op (iy, z) 

Ts.A(X, Y) ® sT(y", Z) ® TsC(Z, W) -^-> s(P(X, W) = s5> op (W, X)] . (5.20) 
5.9 Proposition. Let A be an A^-category Then 01°^ = JIa°p as A op -A op -bimodules. 

Proof. Clearly, the underlying gr-spans of the both bimodules coincide. Computing b^ 
by formula ( |5.20| ) yields 

y*X = - [TsA op (W, Z) <g> sA op (Z, Y) ® TsA op (Y, X) ^ 
TsA op (Y, X) <8> sA op (Z, Y) ® TsA op (W, Z) 

TsA(X, Y) <g> sA(Y, Z) <g> TsA(Z, W) TsA(X, W) sA{X, W)] 
= - [TsA op (W, Z) ® sA op (Z, Y) ® TsA op (Y, X) TsA op (W, X) 

— TsA{X, W) sA{X, W 



since 7 : TsA op —>■ TsA is a category anti-isomorphism. Since b A ° P = 'jb A, y, it follows 
that b A ° P = --yb A : TsA op (W,X) -> s.A(W,X), therefore 



= [Ts.A op (^, Z) <g> s.A op (Z, Y) g> Tsyi op (F, X) "™ op - 



The proposition is proven. □ 

5.10 Corollary. Let A be an A^-category. Then 

Honuop = [TsA H Ts.A op — T S yi op IE Ts^l TsCj . 

5.11 Proposition. For an arbitrary A^-category A, kHom^ = Hom^ : kA op KlkA — > 5C. 
Proo/. Let X, Y,U,V <E Ob A. Then 

kH omyl = [yi op (x, y) ® yi(t7, v) s(Hom " )l0 ^^ 5(Hom " )01g '' 

c k (.A(x, u),a(y, u)) ® c k (yi(y, If), A(Y, V)) -JU C k (.A(X, to, V))] . 
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According to fl5.16j ), 
s(Honu)ios _1 = -[A(Y,X) — sA(Y,X) 



coev^k 



C k {sA(X, U), sA(X, U) <g> sA{Y, X)) 



C k M(A, U), sA(Y, U)) -]- > C k (A(X, U),A(Y, U))} 

c^iyc^i,*- 1 ) 



-[A(Y,X)^->C±{A(X, U),A(X, U)®A(Y,X)) 

C k (A(X, U), sA(X, U) ® sA(Y,X)) S^LlX C k (A(X, U),A(Y, U))] 

coev C k , , , r ,s „ N , CfcCl.c) 



C k (l,s®s) 



c k (/i(x, c/), yi(y, x) ® yi(x, c/)) c k (/i(x, c/), yi(y, c/))] . (5.21) 

Similarly we obtain from equation ( |5.15| ) 



s(Hom yl ) 01 s- 1 = [A(U, V) — sA(U, V) 

C k (sA(Y, U), sA(Y, U) <8> sA(U, V)) 

C k (sA(Y, U), sA(Y, V)) ±H* C k (A(Y, U),A(Y, V))} 
= [ A (U, V) — C k (A(Y, U),A(Y, U) ® A(U, V)) C*(A(y, U),A(Y, V))} . 

It follows that 

k Ho myl = [A(Y, X) g> A(U, V) 
C k 0A(A, U),A(X, U) ® A(Y, X)) ® C k (>l(y, U),A(Y, U) ® A(U, V)) ^ cm ^^\ 

c k (A(x, u),a(y, u)) ® c k (yi(y, to, A(y, y)) -2- c k (yi(x, u),a(y, v))] . 

Equation (A. 1.2) of |[L1V104|| allows to write the above expression as follows: 



coev k (g) coev 



kHomyt = [A{Y,X)®A{U,V) C k (A(X,U),A(X,U) (g) A(Y,X) (g) A(U,V)) 

C k (/l(A, U),A(Y, U) ® A(U, V)) C k {A(X, U),A(Y, V))] 

= [a(y, x) ® a{u, v) c k (.A(x, u),a(x, u) ® yi(y, x) <8> yL(c/, y)) - k(1 ' c01) > 

C k (.A(A, 17), ^l(y, A) ® A(X, U) ® A{U, V)) - k(1,(m ^ 1)m2) > C k (A(X, U),A(Y, V))] 

= Hom w . 

The proposition is proven. □ 



65 



5.12. Duality Aoo-functor. The regular module k, viewed as a complex concentrated 
in degree 0, determines the duality A^-functor D = H k = h k ■ [—1] : C k op — > C k . It maps 
a complex M to its dual (C k (M, k), mi) = (C k (M, k), — C k (d, 1)). Since C k is a differential 
graded category, the components D k vanish if k > 1, due to ( |5.16| ). The component D\ 
is given by 



D 1 = -[s^(M,N) = sC k (N,M) 



coevHt 



&(W ) 



C k (sC k (M, k), S C k (M, k) ® sC k (N, M)) C k (sC k (M, k), S C k (iV, k)) 

-i^l C k (C k (M, k), C k (iV, k)) sC k (C k (M, k), C k (iV, k))] . 

It follows that 

sD 1 s- 1 =[Cr(M,N) = C k (N,M) 

C k (C k (M,k),C k (M,k) ® C k (iV,M)) - ki ! 2 i C k (C k (M ! k),C k (iV,k))]. 
cf. (|5JlD . It follows from (|T|) that k£> = DC(_, k) : kC k op = X op -> kC k = X. 



coev^k 



5.13. Dual Aoo-bimodule. Let A, C be A^-categories, and let IP be an .A-C-bimodule 
with a flat (1, 1, 1, b A , 6 e )-connection b 9 : TsA <g> sO 5 <8> TsC -> Ts^l <g> sO 3 ® TsC, and 
let 4> 7 : Ts.A op IE TsG — ► TsC k be the corresponding Aoo-functor. Define the dual 
bimodule IP* as the bimodule that corresponds to the following Aoo-functor: 

^ = ((0 T )°P, J D)^!: 1 .A oo (X;C k ) : e op ,.A^ C k , 

where X : 2 — >• 2, 1 i — >• 2, 2 i — > 1, and the map Aoo(X; C k ) is given by the composite 

Aoo(«A) C p ; C k ) > Aoo(C p ; C p ) x A co (yi; A) x A 00 (/l, C p ; C k ) 

■ > A 00 (C P ,.A; C k ). 

Equivalent ly, 

<f* = (Tse op E Ts.A — Ts.A IE r s e op 

Tsyi op E TsQ -^-> TsC k — U TsC k op TsC k ) . (5.22) 

The underlying gr-span of ?* is given by Ob s IP* = Ob t ? = Ob 6, Ob t IP* = Ob s IP = 
Ob A, Par?* = Ob, IP* x Ob t IP*, src = pr 1; tgt = pr 2 , T(X,Y) = C k (IP(Y, X), k), 
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X G Ob 6, F G Oh A. Moreover, 
<P* = <f>** Wl = [Tse op (Y, Z) ® TsA(X, W) 

TsA op (W, X) <g> TsC(Z, Y) Jl> sC k (?(W, Z), 7(X, Y)) ^> 



c k ( s c k (y(x, Y),k), *c k (?(x, f), k) ® sc^w, Z), F))) 



c k ( s c k (?(x, f), k), *c k ( w z), k)) c k (c k (?(x, f), k), c*(?(w, z), k)) 

s c k (c k (y(x, f), k), c k ( w z), k))] 



(the minus sign present in 7 : sC k op — > sC k cancels that present in According to 

TBD, 



fe^* = [TsC(X, F) ® sT(Y, Z) ® Ts.A(Z, IF) 

sf (F, Z) ® TsC(X, F) ® Ts.A(Z, IF) s?* (F, Z) ® T S e op (F, X) ® Ts.A(Z, IF) 

S T (F, Z) ® Ts/t(Z, W) ® TsG op (Y, x) 
sT{Y, Z) ® TsA op {W, Z) ® TsG{X, Y) ^> sT{Y, Z) ® sC k (?(lF, X), IP(Z, F)) 
sT (F Z) ® C k (sC k (?(Z, F), k), sC k (?(Z, F), k) ® sC k (?(W, X), ?(Z, F))) 

i0c t (i,c6^) ^ ^ c k ( s r (F, z), s r(x, if)) -^U sT (x, w)] 

= [TsG(X, F) ® sT(Y, Z) ® TsA(Z, W) ^> TsA(Z, W) ® TsG(X, F) ® sT*(F, Z) 

Ts/l op (lF, Z) ® TsC(X, F) ® sT* (F, Z) — 

s c k ( w x), ?(z, f)) (g) s c k (y(z, f), k) s c k (T(w, x), k) = s r (x, if 

by properties of closed monoidal categories. Similarly, by (|5.8| ) 

6?* = [r s e(x, f) ® s r (f z) <g> T S yi(z, if) pr ° 01 ^ pr ") s t(y, z) 

- s ~ lg * {d ^ sT(Y,Z 



where d is the differential in the complex </> y (Z, F) = T(Z, F). 

5.14 Proposition. The map b 7 * : TsC®sT*®Ts.A — > sT* satisfies the following equation: 

[s?(W, X) ® TsG(X, F) ® sT*(F, Z) ® Ts.A(Z, IF) -^-> s3>(W, X) ® sT* (X, IF) 

3>(W, X) (gi C k (T(PF, X), k) ^ k] 



(1234) 



- [sT(W, X) <g> TsC(X, F) ® sr (F, Z) ® Ts.A(Z, IF) 
Ts.A(Z, W) ® s?(W, X) ® TsC(X, F) ® sP* (F, Z) sT(Z, Y) ® sT(Y, Z) 

cv c k 



y(Z,F)®C k (T(Z,F),k)^k]. 
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Proof. It suffices to prove that the pairs of morphisms b^_, b+* and %, Iq* are related by 
similar equations. The corresponding equation for &?, b+* is given below: 

[s9(W, X) ® TsC(X, Y) ® sT* (F, Z) ® TsA(Z, W) — U s?(W, X) ® s?* (X, W) 

3>(W, X) ® C k (T(IF, X), k) k] 



= - [s3>(w, x) ® Tse(x, f) ® s y* (F z) ® t&a(z, w) 

Ts.A(Z, W) ® s?(W, X) ® TsC(X, F) ® sCP*(F, Z) s5>(Z, F) ® s?* (Y, Z) 

^^T(Z,r)®C k (y(Z,F),k) ^k]. (5.23) 

Its left hand side equals 

[stP(W, X) ® TsC(X, F) ® sT{Y, Z) ® TsA{Z, W) 

s3>(W, X) ® Ts.A(Z, IF) ® Tse(X, F) ® s7*(Y, Z) m ^ m \ 
sT(W, X) <g> TsA op (W, Z) ® TsG(X, F) ® *r (F, Z) 

1 <saf)~ k 

s(P(W, X) ® sC k ( W X), T(Z, F)) ® sC k (?(Z, F),k) — 



s3>(W, X) <g> sC k (?(IF, X), k) > 3>(W, X) ® C k (?(W, X), k) k] . 

Note that (1234) (c ® 1 ® 1) = 1 ® (123). Using (|5T6f) , the right hand side can be written 
as follows: 



[s9(w, x) ® r s e(x, f) ® s y*(F z) ® r s yi(z, if) 



10(123) 



sa>(w, x) ® T S yi(z, if) ® T S e(x, f) ® s r (f, z) lgS70101 > 

sT(IF, X) <g> Ts-A^W, Z) ® TsC(X, F) ® sT(Y, Z) 
s7{W, X) ® sC k (T(TF, X), y(z, F)) ® s c k (?(z, F), k) 

aOW X) ® C k (W X), T(Z, F)) ® sC k (y(Z, F), k) 
sV(W, X) ® C k ( S y(IF, X), sT(Z, F)) ® sC k (?(Z, F), k) 



S y(Z, F) ® sC k (?(Z, F), k) ^f_> y(z, F) ® C k (?(Z, F), k) k] . 



Equation ( 5.23 ) follows from the following equation, which we are going to prove: 

[ S 5>(W, X) ® sC k ( W X), IP(Z, F)) ® sC k (T(Z, F), k) — ^ 

sT(PF, X) ® sC k (y(lF, X), k) s ~ 1 ® s ~\ ?(W, X) ® C k (T(lF, X), k) 



- [ a y(w; x) ® sC k (j ) (w, x), ?(z, f)) ® s c k (y(z, f), k) 
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s9(W, X) ® C k (?(W, X), ?(Z, Y)) ® sC k mz, Y), k) 

s7{w, x) ® c k (sO>(w, x), s3 > (z, y)) ® sC k (y(z, y), k) 



sO>(z, Y) ® sc k (y(z, y), k) y(z, y) ® c k (T(z, y), k) k] . 

Composing both sides with the morphism — s ® s ® s we obtain an equivalent equation: 



[?(w, x) ® c k (JW x), 3>(z, y)) ® c k (?(z, y), k) 



- [7{w, x) ® c k (W x), o>(z, y)) ® c k (?(z, y), 



y(w,x)®c k (?(w,x),. 



S JW x) ® c k (W x), a>(z, y)) ® s c k (y(z, y), k) 
s?(w, x) ® c k (s?(w, x), s ?(z, y)) ® s c k (y(z, y), k) ^ 



s3>(Z, y) ® sC k (?(Z, Y), k) 3>(Z, Y) ® C k (?(Z, Y), k) k] . 

It follows from the definition of dg-functor [1] that 

(s ® 1)(1 ® [1]) ev Ck s" 1 = (s ® l)(s _1 ® 1) ev Ck ss" 1 = ev Ck , 

therefore the right hand side of the above equation is equal to (ev Ck ®1) ev Ck , and it equals 
the left hand side by the definition of mf k . 

The corresponding equation for 6q and %* reads as follows: 

[s3>(w, x) ® T° s e(x, y) ® s r (y z) ® T s yi(z, wo 

s?(W, X) ® sT* (X, W) S ~ 1<B>S ~\ J>{W, X) ® C k (T(W, X), k) k] 



= - [s?(W, X) ® T°sG(X, Y) ® sT(Y, Z) ® T°sA(Z, W) 



(1234) 



T°sA(Z, W) (g> ( W, X) ® T sC(X, y ) ® sO 3 * (y Z) - 



s j>(z, y) ® s r (y z) ?(z, y) ® c k (T(z, y), k) k] . 

It is non-trivial only if X = y and Z = W. In this case, up to obvious isomorphism the 
left hand side equals 

[ S ?(z, x) ® s r (x, z) a " 1 ® a " 1 > y(z, x) ® c k (y(z, x), k) 

?(Z, X) ® C k (?(Z, X) , k) k] 



[sO>(z, x) ® s r (x, z) s ~ ® s ~ > ?(z, x) ® c k (?(z, x), i 



j>(z,x)® c k (y(z,x),k) ^k] 



= - [s3>(Z, X) ® s?* (X, Z) ' ldm \ s?(Z, X) ® sC k (T(Z, X), 



P(Z, X) ® C k (?(Z, X), k) k] , 
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which is the right hand side (up to obvious isomorphism). □ 

5.15 Proposition. Let A be an A^-category. Denote by % the regular A-bimodule. 
Then 

<f~' = (Horrid, D)f4^ 1 = Hom^p -D : A op ,A -> C k . 
Proof. Formula (|5.22| ) implies that 

<£ K * = [TsA op M TsA — TsA M TsA op -^h TsA op M TsA 

7 od D 



[TsA op M TsA TsA M TsA op — TsA op m TsA 

^TsC^^TsCr^TsC,]. 



By Corollary ETO, Hom^ P = [TsA M TsA op — TsA op H TsA TsCJ, therefore 



^ = [TsA op B TsA ^ TsA ® TsA op TsC k TsC k op TsQ 

= [TsA op m TsA Ts c k °P -2_> TsC k ] . 

The proposition is proven. □ 

5.16. Unital Aoo-bimodules. 

5.17 Definition. An iA-C-bimodule 7 corresponding to an A^-functor <p : A op , Q — > C k 
is called unital if the A^-functor <p is unital. 

5.18 Proposition. An A-C-bimodule is unital if and only if for all X e Ob A, Y E Ob C 

the compositions 



[s?(x, y) = s?{x, y) ® k ^> s?(x, y) <g> s e(y y) s ?(x, y) 

- [s?(X, Y) = k ® sT(X, Y) sA(X, X) ® sIPpf , K) y) 

are homotopic to the identity map. 

Proof. The second statement expands to the property that 

[ s y(X, Y) a ~ 1 ^'^ a ~\ 3>(X, Y) ® C k (?(X, y), 3>(X, y)) ^ y)] , 

[ a g>(x, Y) '~ l9x ^'~\ y(x, y) ® c k (?(x, y), y(x, y)) ^4 s ?(x, Y)] 

are homotopic to identity. That is, 

yio(0oile) ~ 1 sV(x,y) s G Im& i' xi^(0io|^o P ) - I s v(x,y) s e Im& i 
for all X e Ob A, Y e Ob C. By |BLM07| , Proposition 13.6] the A^-functor is unital. □ 
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5.19 Remark. Suppose A is a unital A^-category. By the above criterion, the regular 
.A-bimodule Oiji is unital, and therefore the A^-functor Hom^ : A op ,A —>■ C k is unital. In 
particular, for each object Z of A, the representable Aoo-functor 

H z = Eom A \f :A°v^C k 

is unital, by | [BL1V1U7| , Proposition 13.6]. Thus, the Yoneda Aoo-functor W : A — > 
Aoo(-A op ;C k ) takes values in the full A^-sub category A^,(7l op ;C k ) of Aoo(7l op ; C k ). Fur- 
thermore, by the closedness of the multicategory A^,, the A^-functor W is unital. 

Let A, 23 be unital A^-categories. A unital A^-functor / : A — > 23 is called homotopy 
fully faithful if the corresponding 3C-functor kf : kA — > k23 is fully faithful. That is, 
/ is homotopy fully faithful if and only if its first component is homotopy invertible. 
Equivalently, / is homotopy fully faithful if and only if it admits a factorization 

A-^J'^'B, (5.24) 

where 3 is a full A^-subcategory of 23, e : J — > 23 is the embedding, and g : A — » J is an 
Aoo-equivalence. 

5.20 Lemma. Suppose /: .A —> 23 is a homotopy fully faithful Aoo- functor. Then for an 
arbitrary A^-category C the A^-functor Aqo(1; /) : A^_(G;A) — > Aoo(C; 23) is homotopy 
fully faithful. 

Proof. Factorize / as in ( |5.24j ). Then the Aoo-functor A 00 (l; /) factorizes as 

A^(C; A) A^C; J) A^C; 23). 

The Aoo-functor A QO (l; g) is an Aoo-equivalence since Aqo(C; — ) is a A^-2-functor, so it 
suffices to show that A QO (l; e) is a full embedding. Since e is a strict Aoo-functor, so is 
Aqq (1; e). Its first component is given by 

x.yeohe 

S A H (C;J)(0,^)= J] C k (T" S e(X,F), S a(X0,F^))^i 

x,yeObe 



sA^(e;23)(0e,Ve) = | | C k (T n sQ(X, Y), s23(X0, FV))> 



n>0 



that is, r = (r n ) t— > re = (r n ei). Since = s23(X0, Yip) and ei : sJ(X0, Yip) — ► 

s23(X0, is the identity morphism, the above map is the identity morphism, and the 
proof is complete. □ 

5.21 Example. Let g : C — > */l be an A^-functor. Then an /l-C-bimodule .A 9 is associated 
to it via the A^-functor 

r iff i ->tf cv Ao ° | 

AP = t/I p , C u/l p , ./I ^ A p , Aqq (^/l p , C k ) ^ C k 

= [A op , C A op , A C k ] . (5.25) 
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As we already noticed, yi-C-bimodules are objects of the differential graded category 
Aoo(-/l op , C; CJ Aoo(C; Aoo(.A op ; CJ). Thus it makes sense to speak about their isomor- 
phisms in the homotopy category ^(A^A^, C; CJ). 

5.22 Proposition. There is an A^-functor A^C; A) — > A OQ (A op , C; CJ, g \-> A 9 , homo- 
topy fully faithful if A is a unital Aoo-category In that case, A^-functors g,h : C — ► A 
are isomorphic if and only if the bimodules A 9 and A are isomorphic. If both C and A 
are unital, then the above A^-functor restricts to A^ D (C; A) — > A^(.A op , C; CJ . Moreover, 
g is unital if and only if A 9 is unital. 

Proof. The functor in question is the composite 

Aqq(C; A) > A 00 (C; Aqq [A p ; CJ) > A^ {A p , C; CJ, 



where W is the Yoneda Aoo-functor. When A is unital, : A — > A^(A op ; CJ is homotopy 
fully faithful by Corollary |A.9| , see also ||LM04| , Theorem A. 11]. Thus, the first claim 



follows from Lemma |5.20| . 

Assume that A^-categories C and A are unital, and Aoo-functor ( [5.25| ) is unital. Let 



us prove that g : G — > A is unital. Denote / = g ■ & : C — > A 00 (A op ; CJ. The A^-functor 

f = [ A ° P) e A o Pj a^(/i op , cj cj 

is unital by assumption. The bijection 

V 5 °° : Aoo(C; Aqq (.A p ; CJ) > A^-A p , C; CJ 
shows that given /' can be obtained from a unique /. The bijection 

</~ : A^(C; A^(.A op ; CJ) - A^, 6; CJ 

shows that such Aoo-functor / is unital. 

Thus, the composition of g : C — > A with the unital homotopy fully faithful /loo-functor 
: A -> A^(7l op ;C k ) is unital. Denote by Rep(.A op ,CJ the essential image of ^, 
the full differential graded subcategory of A^(.A op ;CJ whose objects are representable 
Aoo-functors {X)<3f = H x . The composition of g with the Aoo-equivalence W : A — > 
Rep(.A op , CJ is unital. Denote by \I/ : Rep(.A op , CJ — > A a quasi-inverse to We find 
that g is isomorphic to a unital Aoo-functor g ■ W ■ \I/ : C — > A. Thus, g is unital itself by 
|LyuU3|, (8.2.4)]. □ 



5.23 Proposition. Let A, C be A^-categories, and suppose A is unital. Let CP be an 
A-G-bimodule, <\F : A op , C — ► C k the corresponding A^-functor. The A-G-bimodule CP is 
isomorphic to A 9 for some A^-functor g : C ^ A if and only if for each object Y G Ob C 
the Aoo-functor : A op — > C k is representable. 
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Proof. The "only if" part is obvious. For the proof of "if" , consider the Aoo-functor / = 
(^ A -)- 1 (0 T ) : C -> AqqQA^CJ. It acts on objects by 7 m <f\\ , Y G Ob 6, therefore it 
takes values in the ^^-subcategory Rep(.A op , C k ) of representable Aoo-functors. Denote by 
$ : Rep(yi op , C k ) — > .A a quasi-inverse to & . Let g denote the A^-functor / • ^ : C — > A. 
Then the composite g ■ & = f ■ ^ ■ : C ^ A OQ (A op ; C k ) is isomorphic to /, therefore the 
^oo-functor 

^ . r) = [ yl op 5 e iA o P) ^ (yL op. c k) cj , 

corresponding to the bimodule .A 9 , is isomorphic to (p Aac (f) = . Thus, A 9 is isomorphic 
to ?. □ 

5.24 Lemma. If A-G-bimodule 7 is united, then the dual C-A-bimodule 7* is unital as 
well. 

Proof. The Aoo-functor (p 7 * is the composite of two Aoo-functors, (0 y ) op : A, C op — ► C k op 
and D = H k : C k op — > C k . The latter is unital by Remark |5.19| . The former is unital if 
and only if <fi v is unital. □ 



6. Serre ^L^-functors 



Here we present Serre A^-functors as an application of Aoo-bimodules. 



6.1 Definition (cf. Soibelman [ Soi04j| , Kontsevich and Soibelman, sequel to [ KS06|| ). 
A right Serre -functor S : A — > A in a unital A^-category A is an A^-functor for 



which the .A-bimodules A s = [A op ,A — — > A op ,A -—^ CJ and A* are isomorphic. If, 
moreover, S is an A^-equivalence, it is called a Serre A^-functor. 



By Lemma |5.24| and Proposition |5.22| , if a right Serre Aoo-functor exists, then it is 
unital and unique up to an isomorphism. 

6.2 Proposition. If S : A — > A is a (right) Serre A^-functor, then kS : kA — > kA is a 

(right) Serre %- functor. 

Proof. Let p : A s — > A* be an isomorphism. More precisely, p is an isomorphism 

(1, S, Honu)//£L a - (Hom^, D)^Zi ■■ A op , A - C k . 
We visualize this by the following diagram: 



4 op 4 
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Applying the k-Cat-multifunctor k, and using Lemma |3.2| , Proposition |5.11| , and results 
of Section |5.12| , we get a similar diagram in DC-Cat: 



kA op M kA ^> kA op m kA 



Homi 




0C(.,k) 

Since kp is an isomorphism, it follows that kS is a right Serre DC-functor. 

The Aoo-functor S is an equivalence if and only if kS* is a DC-equivalence. □ 

When A is an Aoo-algebra and 5* is its identity endomorphism, the natural transforma- 
tion p : A — > A* identifies with an oo-inner-product on A, as defined by Tradler | |l'raUl| , 
Definition 5.3]. 

6.3 Corollary. Let A be a unital A^-category. Then A admits a (right) Serre A^-functor 
if and only if kA admits a (right ) Serre %- functor. 

Proof. The "only if" part is proven above. Suppose kA admits a Serre DC-functor. By 
Proposition [2.6| this implies representability of the DC-functor 



Horner, _) op • DC(_, k) = k[Honu(y, _) op ■ D] : kA op -> DC = kC k 
for each object Y e Ob .A. By Corollary [A.6| the Aoo-functor 

Hom^F, _) op • D = (HoiiiXp, D)^Zt\\ : A op - C k 



is representable for each Y e Ob A. By Proposition |5.23| the bimodule A* corresponding 
to the Aoo-functor (Hom^p,!))^! is isomorphic to .A 5 for some Aoo-functor S : A — > 
A. " ' □ 

6.4 Corollary. Suppose A is a Hom-refJexive A^-category, i.e., the complex A(X,Y) 
is reflexive in DC for each pair of objects I,! 7 6 Ob A. If S : A — > A is a right Serre 
Aoo-functor, then S is homotopy fully faithful. 



Proof. The DC-functor kS is fully faithful by Proposition 2.5. □ 



In particular, the above corollary applies if k is a field and all homology spaces 
H n (A(X, Y)) are finite dimensional. If A is closed under shifts, the latter condition is 
equivalent to requiring that H°(A(X, Y)) be finite dimensional for each pair X, Y e Ob A. 
Indeed, H n (A(X,Y)) = H n (kA(X, Y)) = H°(kA(X, Y)[n]) = H°((kA)^((X, 0), (Y, n))). 
The DC-category kA is closed under shifts by results of Section p.7| therefore there exists 
an isomorphism a : (Y,n) — ► (Z,0) in (kA)^, for some Z e Ob.A. It induces an isomor- 
phism (kA)[l(l,a) : (kA)[]((X,0),(r,n)) -> (kA)N((X, 0), (Z, 0)) = kA(X, Z) in DC, thus 
an isomorphism in homology 

H n {A{X,Y)) = # ((kA) [1 ((X,0),(l»)) ~ H°(kA(X, Z)) = H°{A{X, Z)). 

The latter space is finite dimensional by assumption. 
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6.5 Theorem. Suppose k is a Geld, A is a unital A^-category closed under shifts. Then 
the following conditions are equivalent: 

(a) A admits a (right) Serre A^-functor; 

(b) kA admits a (right) Serre %- functor; 

(c) H'A = f H'(kA) admits a (right) Serre gr- functor; 

(d) H°(A) admits (right) Serre k-linear functor. 

Proof. Equivalence of (a) and (b) is proven in Corollary |0|. Conditions (b) and (c) are 
equivalent due to Corollary p.!6| , because H* : % — ► gr is an equivalence of symmetric 
monoidal categories. Condition (c) implies (d) for arbitrary gr-category by Corollary |2.18| , 
in particular, for H'A. Note that H'A is closed under shifts by Section |3/7| and the 
discussion preceding Proposition |2.21| . Therefore, (d) implies (c) due to Proposition |2.21 



□ 

An application of this theorem is the following. Let k be a field. Drinfeld's construc- 



tion of quotients of pretriangulated dg-categories ||Dri04|| allows to find a pretriangulated 
dg-category A such that H°(A) is some familiar derived category (e.g. category D^. oh (X) 
of complexes of coherent sheaves on a projective variety X). If a right Serre functor exists 
for H°(A), then A admits a right Serre Aoo-functor S by the above theorem. That is the 
case of H°(A) ~ D^ oh (X), where X is a smooth projective variety ||BK89| , Example 3.2]. 
Notice that S : A — > A does not have to be a dg-functor. 

6.6 Proposition. Let S : A — > A, S' : 25 — ► 25 be right Serre A^-functors. Let g : 25 — ► A 
be an A^-equivalence. Then the A^-functors S'g : 25 — > A and gS : 25 — > A are 
isomorphic. 



Proof. Consider the following diagram: 
23°p, 25 



i,s' 




15 p 25 



4°P 4 



l.S 



A* p , A, *^ 



D 




Horns 



Here the natural Aoo-isomorphism r 9 is that constructed in Corollary |5.7| . The exte- 
rior and the lower trapezoid commute up to natural Aoo-isomorphisms by definition of 
right Serre functor. It follows that the A^-functors (g op , S'g) Honi/i : 25 op ,25 — > C k and 
(g op ,gS) Hohi/l : 25 op , 25 — > C k are isomorphic. Consider the A^-functors 



25 



S'g 



A 



9 



Ai,( 9 op ;l) 



>A^(25°P;C k 
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and 

oS 9 A" (o op ;l) 

<B>J^A-^ A^(yi op ; C k ) A^(3°P; CJ 

that correspond to (# op , S"#) Hom^ : B op , 3 -»• C k and {g op , gS) Rom A : £ op , 3 -»• C k by 
closedness. More precisely, the upper line is equal to ({p A °°)~ 1 ((g op , S'g) Hoin^) and the 
bottom line is equal to (</> A ° c ) _1 ((fl , ° P j gS) Hohia), where 

is the natural isomorphism of Aoo-categories coming from the closed structure. It follows 
that the Aoo-functors S' ■ g ■ <& ■ A^(# op ; 1) and g ■ S ■ & ■ A^(# op ; 1) are isomorphic. 
Obviously, the A^-functor g op is an equivalence, therefore so is the Aoo-functor A^(g op ; 1) 
since A^(_; C k ) is an A^-2-functor. Therefore, the A^-functors S' • g • W and g • S • 
are isomorphic. However, this implies that the Aoo-functors (1, S'g) Horn/i = y9 A °°(S" • 
g ■ <3f) and (l,gS) Hom A = ip A °°(g ■ S ■ *3f) are isomorphic as well. These Aoo-functors 
correspond to (A, S)-A DO -bimodules A s ' 9 and A gS respectively. Proposition f>.22\ implies 
an isomorphism between the Aoo-functors S'g and gS. □ 

6.7 Remark. Let A be an Aoo-category, let S : A — > A be an Aoo-functor. The (0,0)- 
component of a cycle p G Aoo(.A op ,/l; C k )(yl s ',^l*)[l]~ 1 determines for all objects X, Y of 
A a degree map 

k ~ T°sA op (X, X) ® T°sA(Y, Y) -^2-> sC k {A{X, YS),A*(X, Y)) 

C k (yi(X, YS),C k (A(Y, X), k)). 

The obtained mapping A(X, YS) — > C k (.A(Y", X), k) is a chain map, since p o s ~ lm i = 0. 
Its homotopy class gives ipx,Y from (|2.1| ) when the pair (S,p) is projected to (kS, ip = kp) 
via the multifunctor k. 

6.8. A strict case of a Serre Aoo-functor. Let us consider a particularly simple 
case of an Aoo-category A with a right Serre functor S : A — > A which is a strict 
Aoo-functor (only the first component does not vanish) and with the invertible natu- 
ral ^^-transformation p : A s — > A* : A op ,A — > C k whose only non-vanishing com- 
ponent is poo : T°sA op (X,X) ® T°sA(Y,Y) -> sC k (yi(X, FS), C k (.A(Y, X), k)). In- 
vertibility of p, equivalent to invertibility of poo? means that the induced chain maps 
r o : A(X, YS) — ► C k (.A(y, X), k) are homotopy invertible for all objects X, Y of A 
General formulae for pB\ give the components (pBi) Q0 = poo&i and 

(pSi)fcn = ([(1, S) Eom A ] kn <g> poo)^ + (Poo ® [Horn]*, -D] kn )b^ (6.1) 
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for k + n > 0. Since p is natural, pB\ = 0, thus the right hand side of (3.1) has to vanish. 
Expanding the first summand we get 



-) k [T k sA op (X , X k ) ® T n sA(Y , Y n ) 

Q,{sA{X G ,Y S),sA{X ,Y S) ® T k sA op (X ,X k ) ®T n sA(Y ,Y n )) 

► c k (syi(Xo, y «3), sC k (yi(r n , x fc ), k)j 

~ ' h ^C k (yi(Xo, Y S),C k (A(Y n , x k ),k))] . 



Expanding the second summand we obtain 

- (-) fc [T fc s yr p (x , x fc ) (g) T" s yL(y , Y n ) 

C k (sA(Y n ,X k ),sA(Y n ,X k ) ®T k sA op (X ,X k ) ®T n sA(Y ,Y n )) 

C k (l,(123) e (101^g)) ^ Xk)jT n sA{Y ^ y n) ^ ^ ^ J*^^ Xq) ) 

^ (1 ' fe " +1+fc > C k (^(F n , X k ), sA(Y , X )) sC k (A(Y n , X k ),A(Y , X )) 
^ C k (sA(X , Y S), sA(X , Y S) ® sC k (.A(y n , X k ),A(Y , X ))) ^-fr"® 1 ^ 



c k ( s yi(Xo, r 5), sC k (A(Y n , x k ),k)) i-^ s c k (yL(x , r s% c k (A(Y n , x k ),k))] . 

Sum of the two above expressions must vanish. The obtained equation can be simplified 
further by closedness of Qj. The homotopy isomorphism r 0Q induces the pairing 

goo = [A(Y, X) ® _A(X, YS) — X) <g> C k (A(Y, X), k) -^U k] . 
Using it we write down the naturality condition for p as follows: for all k ^ 0, n ^ 

[A(Y n , X k ) ® T k A(X k , X ) ® A(X 0) F S) <g> TVl(y , F n ) 

( S Si S - 1 )®")(l®m fc+1+ „) . vn^/i/v xs a\ loo ,1 



.A(F n ,X fe )®yi(X fe ,F n 5) 
= (-Y k+1 ^ [A(Y n , X k ) ® T k A(X k , X ) ® A(X , Yo-S) ® T n A(Y , Y n ) 

T n A(Y 0l Y n ) ® yt(y n , x fe ) ® T*A(x fc , x ) ® a(x , y s) 

^ A(Y , X ) ® A(X , F g) k] . (6.2) 
Let us give a sufficient condition for this equation to hold true. 

6.9 Proposition. Let A be an A^-category, and let S : A — > A be a strict Aoo-functor. 
Suppose given a pairing g 00 : A(Y, X) ®A(X, YS) — > k for aii objects X, Y of A. Assume 
that for all X,Y E Ob A 

(a) g o JS a chain map; 
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(b) the induced chain map 

r 00 = [A(X,YS)^Q,(A(Y,X),A(Y,X)®A(X,YS))^^C k (A(Y,X),k 
is homotopy invertible; 

(c) the pairing q 0Q is symmetric in a sense similar to diagram (|2.11|) , namely the fol- 
lowing diagram of chain maps commutes: 



A(X, YS) <g> A{Y, X) 10sSlS ' 1 > A(X, YS) ® A(YS, XS) 



</oo 



(6.3) 



A(Y, X) ® A{X, YS) — — ► k 

(d) the following equation holds for all k ^ and all objects Xq, . . . , Xk, Y 

[A(Y, X k ) ® T k A(X k , X ) ® A(X , YS) A(Y, X k ) ® yi(X fc , F5) k] 

= (-) fc+1 [A(y, X k ) <g> T k A(X k , X ) <g> A(X , YS) 

^^>A(Y,X )®A(X ,YS)^k\. (6.4) 

Then the natural A^-transformation p : A s — > /I* : .A op ,.A — > C k witi tie oniy nou- 
vanishing component poo '■ 1 >— ► ?"oo J 's invertible and S : A ^ A is a Serre A^-functor. 

Notice that ( |6.4| ) is precisely the case of ( |6.2| ) with n = 0. On the other hand, 
diagram ( p.ll| ) written for X-category Q = kA and the pairing = [g o] says that (|6.3|) 
has to commute only up to homotopy. Thus, condition (c) is sufficient but not necessary. 



Proof. We have to prove equation ( |6.2| ) for all k ^ 0, n ^ 0. The case of n = holds 
by condition (d). Let us proceed by induction on n. Assume that ( p.2|) holds true for all 
k ^ 0, ^ n < N. Let us prove equation fl6.2|) for k ^ 0, n = N. We have 



(_)(fc+i)(n+i)(i3 5 24) c . (m n+1+k ® 1) ■ g 00 

= (-)( fc+1 )(" +1 ) +fc+m+1 (13524) c ■ (1 ® m n+fc+1 ) • g o 
= (-) te (12345) c ■ (m n+k+1 ® 1) ■ c • g 00 

= (-) fcn (12345) c • (m n+fe+1 <8> sS^" 1 ) • g 00 
= (-)( fe+2 )"(l M (g, s^s- 1 ® 1) • (12345) c • (m n+fc+1 <g> 1) • g 00 
by S (i»3 g, ^-i g 1} . (1 «4 ^ T n-i (s5lS -i)) . (1 g, mfe+1+n) . goo . 

for fe+l,n— 1 

A(y n , x fe ) ® T fc /i(x fc , x ) ® yi(Xo, r s) ® ^(n, n) ® T^V^y, y n ) -> k. 

This is just equation (|6.2|) for k, n. □ 
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Some authors like to consider a special case of the above in which S = [d] is the shift 
functor (when it makes sense), the paring g o is symmetric and cyclically symmetric with 

cf. 



respect to n-ary compositions, 
Aoo-cate gory. General Serre A 
data to work with. 



Cos04| , Section 6.2]. Then A is called a Calabi-Yau 



-functors cover wider scope, although they require more 



A. The Yoneda Lemma. 



A version of the classical Yoneda Lemma is presented in Mac Lane's book [Mac88| , Sec- 
tion III. 2] as the following statement. For any category C there is an isomorphism of 
functors 



ey eat „ x §et) £^xi g^ e> §et) op x q^q^ §et) IJ ""^> < ■ 



Set]. 



where & : C op — > Gat(Q, Set), X ^ G(X, _), is the Yoneda embedding. Here we generalize 
this to Aoo-setting. 

A.l Theorem (The Yoneda Lemma). For any A^-category A there is a natural A^-trans- 
formation 



Q '. ev 00 ► \A"! Aqo (^L 



f op ,i 



Aqq (A] C k ) p , A 00 (yl; C k 



Horn 



cj. 



If the A^-category A is unital, Q restricts to an invertible natural A^-transformation 
A A^o(~4; C k ) i C 



A^(-A;C k ) p ,A 00 (>l;Ci 



N Hom A!Jo(^ ; c k ) 



Previously published Aoo-versions of Yoneda Lemma contented with the statement that 
for unital Aoo-category A, the Yoneda Aoo-functor : A op — > A^(yi; C k ) is homotopy 
full and faithful |[Fuk02| , Theorem 9.1], ||LM04| , Theorem A. 11]. A more general form of 
the Yoneda Lemma is considered by Seidel ||Sei06| , Lemma 2.12] over a ground field k. We 
shall see that these are corollaries of the above theorem. 

Proof. First of all we describe the Aoo-transformation Q for an arbitrary Aoo-category A. 
The discussion of Section FT6] applied to the Aoo-functor 



■0 — \A, Aqq (A; C k ) - > Aqq (A; C k ) op , Ago (A; C k ) > C k ] 



presents the corresponding A op -Aoo(A; C k )-bimodule Q 
A^-bimodule. Thus, 



Q -!b 



(Q(XJ),sb»s 



^Aoo(yi;C k )i via the regular 
(A 00 (A;C k )(H x ,f),sB 1 s- 1 ). 
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According to Q5.16 ) H x = A op (_, X) = A(X, _) has the components 



H? = {Rom A o P ) k0 = [T k sA{Y, Z) C k (sA(X, Y), sA{X, Y) ® T k sA(Y, Z)) 

C k (sA(X, Y), sA(X, Z)) ^ sC k (A(X, Y),A(X, Z))] . (A.l) 



We have 6q = B 1 and, moreover, by (|5.18 



b Q = [TsA op (Y,X)®sQ(X,f)®TsA^(A;C k )(f,g) 

TsA^(A; CJ (H Y , H x ) ® sA^(A; C J (H x , f) ® TsA^(A; C k ) (/, g) 

sA^(A;C k )(H Y ,g) = sQ(Y,g)}. 



B 



Since Cj u ) is a differential graded category, _B P = for p > 2. Therefore, 6^? n = if 

n > 1, and = if Jfe > 0. The non-trivial components are (for k > 0) 

6 fc Q = [T fc S yL°P(F, X) ® S Q(X, /) ® T° S A^(.A; C k )(/, /) 

sA^(A;C k )(# r ,# x ) ® S A^(.A;CJ(# X ,/) -^U sA^A; CJ(tf y , /) = sQ(F,/)], 
6° = [T°sA°v(X,X) ® sQ{XJ) ® sA^A^Xf^) 

-^sA O0 (A;C k )(H x ,g) = sQ(X,g)). (A.2) 



Denote by £ the ■A op -A o0 (A; C k )-bimodule corresponding to the Aoo-functor ev A °° : 
A, Aoo(yi; C k ) — > C k . For any object X of A and any Aoo-functor / : A — > C k the complex 



(£(X, /), s&oo s_1 ) is W>^)- According to Q 



fe£ = [TsA op (F, A) (g) s£(A, /) ® TsA^(A; C k )(f, </) 

s£(X, /) ® TsA op (Y, X) ® TsA^(A; C k )(f, g) ^ 
s£(X, f) ® Ts.A(X, F) ® TsAJlA; C k ) (/, <?) sE(X, f) ® sC k (X/, y<?) 

±2=3 x/[i] ® c k (A/[i], y^[i]) ^ y^[i] = S £(y, «?)] . 

Explicit formula ( p.2| ) for ev A °° shows that b kn = if n > 1. The remaining components 
are described as 

6f = [T fc S A op (y, A) ® S £(A, /) ® T° S yi;^)(/, /) 

-^i* S £(X, /) g) T fc S yi op (y, A) sE{X, f) ® T k sA(X, Y) 

xf[i) ® s c k (A/, Yf) a/[i] ® c k (A/[i], y/[i]) y/[i] = S £(y, /)] 
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for k > 0, and if k ^ there is 



6fi = [T fc S yL°P(F,X)® S £(X,/)® S A^(yi;CJ(/^) 

-A S £(X, /) ® T fc S yL°P(F, X) ® sA^A; c k ) (/, <?) 
S £(X, /) ® T fc S yi(X, F) ® sA^-A; C k )(/, <?) 



s£(X, f) ® T fc S .A(X, F) (g) C k (T fc S> A(X, F), sC k (X/, F^)) 



X/[l] ® S C k (X/,F^) ® C k (X/[l],Fs[l]) ^Yg[l] = sEfrg)]. 

The Aoo-transformation Q in question is constructed via a homomorphism 
U = (tts- 1 )® : TsA op ® s£ ® TsA^-A; CJ -> Ts.A op ® sQ ® TsA^-A; CJ 



of Ts^l op -TsA 00 (^l; C k )-bicomodules thanks to Proposition |5.3| . Its matrix coefficients are 
recovered from the components via formula ( p.3[ ) as 

m+p=fc 
g+n=Z 

T fc s.A op ® s£ ® r'sA 2 o(^l; C k ) -> T m s.A op ® sQ ® T^A^-A; C k ). 
The composition of the morphism 
U M : T p sA op (X ,X p ) ® Ap/ofl] (8) T^A^A; CJ(/ ,/ ff ) - « A^(A; CJ (#*° , / g ) 
with the projection 

pr n : sAge^; C k )(tf Xf \ /,) -> C k (T"aA(Z , Z n ), sC k 0A(X o , Z ), (A.3) 
is given by the composite 

*W = U M ■ pr n = H P+1 [T p sA op (X , X p ) ® X p f [l] <g> T*sKJA-, C k )(/ , f q ) 
C k (sA(X , Z ) ® T"s.A(Z , Z n ), 

*yi(x ,z ) ® T n s yi(z ,z n ) ®t p s .a op (x ,x p ) ®x p / [i] ®t* s a«(A;C0 (/,,,/,)) 

^ (1 ' perm > C k (sA(X , Z ) ® T" S .A(Z , Z n ), 
X p / [1] ® T^(X p , X ) ® s.A(X , Z ) ® T"aA(Z , z n ) ® r9 S Aoo(yi; c k )(/ , /,)) 

C (1 l®ev A °° ) 

— C k (^(X , Z ) ® T" S yi(Z , Z n ),X p f [l] ® sC k (X p / , z n / 9 )) 

C k (^(X , Z ) ® T" S yi(Z 0) Z n ), X p / [1] ® C k (X p / [l], Z n /Jl])) 
Sk(1 ' CvCk > C k (s.A(Xo, Z ) ® T" S .A(Z , Z n ), Z n /Jl]) 

c k (T" s yi(Zo, z n ), c k ( s yi(Xo, z ), z n / g [i])) 



Ck(l,[-1]«) 



C k (T" s /l(Zo, Z n ), sC k 0A(X o , Z ), Z n / 9 ))] . (A.4) 
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Thus, an element x 1 <g> • • • <S> x p <g> y <g> r : <g> • • • ® r 9 e T p sA op (X , X p ) <g> X p / [1] ® 
T^sA^A; C k )(/o, /q) is mapped to an Aoo-transformation (xi ® • • • <E> x p ® y <E> ri ® • • • <E> 
r q )U pq e sAoo(yi; C k )(if x °, / g ) with components 

[(xi ^---^J^^y^r!®---® r g )O p<? ]„ : T n sA(Z , Z n ) -> sC k (A(X , Z ), Z n /,), 
-2i ® • • • <g> z n h-> (zi ® • • • ® 2 n ® xi ® • • • <g> x p ® y ® ri ® • • • <g> r 9 )^ p9;n , 

where U p(?;n = (1®™ <g> U p(?;n ) ev Ck = (1®™ <g> ^ P9 • prj ev Ck = (l® n <g> U pq ) evjf is given by 

tf w; „ = (-) p+1 [T" S A(Z ,Z n ) ® T^ op (X ,X p ) <g> X p / [1] ® ^ S Aoo(yi;C k )(/o,/,) 

► c k ( S A(x , z ), &A(x , z ) ® t" s a(z , z n ) 

® T p sA°v(X , X p ) ® X p / [1] <8> ^^(.A; C k )(/ , /,)) 
C k (sA(X ,Zo),X p fo[l]®T p sA(X p ,Xo) 

® s a(x , z ) ® t" s a(z , z n ) ® T 9 sAoo(/i; c k )(/ , /,)) 
^ — ^4 c k ( S A(x , z ), x p f [i] ® s c k (x p / , z B / ff )) 

£fc(1,18a " 1[1]) : C k ( S A(X , Z ), X p / [1] ® C k (X p / [l], Z n f q [l])) 

C k (sA(X , Z ), Z n / ? [1]) S C k (A(X , Z ), Z B / 9 )] . 

It follows that U pq : T p sA op ® s£ ® T 9 sAoo (.A; C k ) -> sQ vanishes if g > 1. The other 
components are given by 

Ko,n = H P+1 [T n sA(Z , Z n ) ® T p sA op (X , X p ) ® X p /[1] 

^> c k ( S A(x , z ), sA(x , z Q ) ® t" s a(z , z n ) ® t^a op (^o, x p ) ® x p /[i]) 

gh(1 ' Pe " n) > C k (sA(X , Z ), X p /[1] ® T p sA(X p , X ) ® &A(X , Z ) ® T" S A(Z , Z n )) 

Sk(1 ' 18/p+1+ " ) > c k ( S A(x , z ),x p f[i] ® s c k (x p /, z n /)) 

C k ( S A(Xo, Z ), X p /[1] ® C k (X p /[l], Z n f[l])) 

C k (sA(X , Z ),ZJ[1]) ±% S C k (A(X , Z ), Z„/)] (A.5) 

and 

%i;n = H P+1 [T n sA(Z , Z n ) ® T^A op (^o, X p ) ® X p /[1] ® S Aoo(A; C k )(/, (?) 

^> c k ( s yi(x , Z ), sA(X , Z ) ® ^^(Zq, Z n ) 

® T p S yi op (Xo, X p ) ® X p /[1] ® s Aoo(yi; C k )(/, y)) 

gh(1,perm) > c k ( s yi(x , z ), x p /[i] ® T^yi(x p , x ) 

® sA(X , Z ) ® T n syi(Zo, Z n ) ® sAooCA; C k )(/, g)) 
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c t (i,i«i^ +1+ "(»pr p+1+n ) c k ( s yL(x , Z ) , X p f[l) ® T P S .A(X P , X ) ® &A(X , Z ) 

® T" s yi(Zo, Z n ) ® C k (T p sA(X p , X ) ® sA(X , Z ) ® T"s.A(Z , Z„), sC k (X p /, z„#))) 

&(1,18cvCt) : C k ( S yi(Xo, Z ), ® sC k (X p f, Z n g)) 

£fc(1 ' 18a " 1[1]) ; C k M(X , Z ), X p /[1] ® C k (X p /[l], Z n g[l])) 

k)> c k (sA(jf , z ),z n g[i\) -i-^ sC k (/i(Xo, z ), z n #)] . 

Naturality of the Aoo-transformation Q is implied by the following 
A. 2 Lemma. The bicomodule homomorphism 13 is a chain map. 

Proof. Equivalently, we have to prove the equation l3b Q = b & U. In components, the 
expressions 

(oJ°)«= E ass-®^® 1 ^^))^. ( A - 6 ) 

(& e «)* = E C 1 ^® 1 .*® 1 ^^)®^^® 1 ^^)"*^^ (A.7) 

+ E ^ ® & S ® ^(A^Vmn (A.8) 
m+i=fc 

+ E ® ® ^ ® ® ^L^c,))^^ ( A - 9 ) 

a+u+c=fe 

have to coincide for all fc, / ^ 0. Let us analyze the details of this equation. Since b^ n = 
unless n = or (m, n) = (0, 1), it follows that the right hand side of (|A.6|) reduces to 



E(0 ® + (Ojy-i ® w ( ^))C 

m=0 

Since A^/l; C k ) is a differential graded category, sum ( |A.7| ) reduces to 



p=i 

+ E(l?^ P (9 l. £ (9 lSt&y ® 5 2 ® 

p=l 
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Since bf- — if j > 1, sum ( |A.8|) equals 

fe-i 

E^ ® 6 t™,o ® ll^))^ + (lf^ P ® & £ o ® 

m=0 

+ E(ifXo P e> e^i ® iltig)^ 

m=0 

Sum ( A.9 ) does not allow further simplification. Therefore, the equation to prove is 

k 

5>3p- ® U*-nm)6So + ® IbA^JI&K 

= ® L« ® ® B X ® 1^))^ 

p=l 

P =i 



+ E(0 ® &£-m,0 ® lfL(AC k ))^ + E(^ ® 6 *-™.l ® QllVl 

m=0 



m=0 m=0 



Write it in more detailed form using explicit formulas ( A.2 ) for components of b Q : 

k 

def S^Trfik ncm/u- \ T7" p r-i 1 rril A / /i \ / r r\ &m®Vk-m,l 



S d =? ^ [f k sA op (X , X k ) ® X k f [l] ® T'sAoo^; CJ(/ Q , /i) 

sAooOA; C k )(# X( \ ® sAoo(yi; C k )(H x ™, /,) sA^A; C k )(#*°, /,)] 
+ [f fe S yr p (X ,X fe ) (g) X fc / [1] ® T'sAooOA; QJifaJi) 

sA^C^if* ,/,) S A^(A;C k )(#*°,/,)] 
+ [f fe s /i op (x ,x fe ) ® x fc / [i] ® f^A^(yi; c k )(/ o ,/0 

S Aoo(A; C k )(F*°, /,_0 ® sAoo^Ck) (/,_!, /,) sA^^; CJ(tf x °, /,)] 

i 

- E [T k sA°*(X Q , X k ) ® X k f [l] ® ^^(yi; C k ) (/ , /,) ^W^-^b^i^'-p 
p=i 

f fc S yi op (Xo,X fc ) ® X fc /o[l] ®T' S A^(A;C k )(/ o ,/0 ^(A; CJ(# X °, /,)] 

- YTsA^Xu) ® XM1) ®T^(A;C k )(/ o ,/0 ^gl!!^^ 
P =i 
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f k sA°v(X ,X k ) ® X fc / [1] ® T l ~ 1 sA 9 J,A;C k )(f , / p+1 , ...,/,) 

^ S A^(A;C k )(^,/0] 

- ]T[T fc ^ op (X ,X fe ) ® X k f [l] ® f' S Aoo(yi;C k )(/o,//) — — ► 

m=0 

f m S /l P(Xo,X m ) (g) X m / [1] ® f'sAoo^; C k )(/ ,//) sA«,(yi; C k )(# X( \ /,)] 

- ^[f fc S yL°P(X ,X fe ) ®X fc / [l] ® f'sA^^Ck)^,/,) ^ ► 

m=0 

u 



f m s yi o p(x ,x m ) ®x m A[i] ®f i - 1 s y^ ; g(/ 1 ,/ i ) -=±4 sA^cj^,/,)] 



a+u+c=k 

f a+1+c sA op (X , ...,X a , X a+U , ...,X k )® X k f [l] ® f 'sAoc(yi; C k )(/ , //) 

^±l±H s A^(yi;C k )(^,/,)] =0. 

The above equation is equivalent to the system of equations 

S ■ pr n = : T k sA°v(X , X k ) ® X k f [l) <g> f l sA^{A; C k )(/ , fi) 

- sC k (f n sA(Z , Z n ), sC k (A(X , Z ), Z n f t )), 

where n ^ 0, and Zq, . . . , Z n e Ob A By closedness, each of these equations is equivalent 
to 

(l 0n ® 5 • prj ev Ck = (l® n ® S) ev£f = : 

f"s.A(Z ,Z n ) ® f fc s.A op (X ,X fc ) ® X ft / [1] BT'sA^CkX/o,/,) 

The fact that ev Ao ° is an A^-functor combined with explicit formula ( p.2| ) for components 
of ev A °° allows to derive certain identities. Specifically, restricting the identity [ev Ao ° £A — 
(b A Ml+imB) ev A ~] pr x = : r&AKTsA»(yi; C k ) -> sC k to the summand f n s.A(Z , Z n )® 
sAoo(A; C k ) (0, ^) ® sAoo(yi; C k ) {iff, x) yields 

[T n sA(Z , Z n ) ® sAJ^A; C k )(0, V) ® sA^OA; C k )(^, x) 
f ™ S yi(Z , Z„) (g, sAoo^; C k )(0, x ) 



f ™ s yi(Z , Z n ) ® C k (T^(Z 0) Z n ), sC k (Z o 0, Z ftX )) sC k (Z o 0, Z„ X )] 
[f "sA(Z , Z n ) ® sAoo(yi;C k )(0,^) ® sAoo(yL; C k )(^,x) 

pv A °° 

T n sA(Z , Z n ) ® sAooOA; C k )(0, x ) sC k (Z o 0, Z nX ) 
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[T n sA{Z ,Z n ) ® sAoo(yi;C k )(0,V) ® sA^(A; C k )(^, X ) 



p+q=n 
perm 



sC k (Z o 0, ® sC k (Z P ij, Z n x) — ^ sC k (Z o 0, • (A. 10) 



Restricting the same identity to the summand T n sA(Z , Z n ) <g> sA 00 (A;C k )((f),ip) yields 
[T n sA(Z , Z n ) <g> sA^/l; C k )(0, V) — T n sA(Z , Z n ) <g> sA^(yi; C k )(0,^) 



f n sA(Z ,Z n ) C k (T n sA(Z ,Z n ),sC ± (Z <f>,Z n iP)) -^U sC k (Z o 0, Z^)] 

ev A °° 

T n S yL(Z , Z n ) <g> sA^(yi; C k )(0, V) sC k (Z o 0, z„v)] 
= [f n sA(Z , Z n ) ® skJ^A- C k )(0, V) sC k (Z o 0, Z n ^) sC k (Z o 0, Z n ^)] 

+ [f n sA{Z Q ,Z n )®sk^{A-C^){4>^)^ 

p+q=n 

f p sA(Z , Z p ) <g) sAoo(^l; C k )(0, tjj) <g> f 9 S yi(Z p , Z n ) <g> T°sA^(.A; C k )(^, V) 

sC k (Z o 0, Z p ^) <g> sC k (Z p ^, Z n ?/>) — 2-> sC k (Z o 0, Z n V>)] 



p>0 

+ ^ [f n s yi(z o ,z n )® s A^(yi;C k )(0,^)^ 

p+q=n 

T p S yi(Z , Z p ) ® T sA^(yi; C k )(0, 0) <g> T«sA(Z p , Z n ) <g> sA^{A; C k )(0, v) 

sC k (Z o 0, Zp0) <g> sC k (Zp0, Z n ip) > sC k (Z o 0, Z n ip)] 



[T" S yi(Z o ,Z n )® S A^(yi;C k )(0,^) 

a+t+/3=n 



ev 



f a+1 ^A(Z , ...,Z a , Z a+t , . . . , Z n ) <g> S A^(.A; C k )(0, V) sC k (Z o 0, Z n ^)] 

= [T" S yi(Z , Z n ) ® sAoo(yi; C k )(0, V) sC k (Z o 0, Z„^) -L_> sC k (Z o 0, z„v)] 

<2>0 

+ [T n sA{Z Q ,Z n )®sk^{A-C^){^)^ 

p+q=n 

f p sA(Z , Z p ) ® sA^(.A; C k )(0, V) ® f q sA(Z p , Z n ) ® T°sA^(.A; C k )(^, V) 

— sC k (Z o 0, Z P V) ® sC k (ZpV>, Z„V) sC k (Z o 0, Z n ip)] 



p>0 

+ [ fn sA(Z , Z n ) ® sAoo(^l; C k ) (0, V) 

p+5=n 



86 



</> p ®ev 



sC k (Z o 0, Z p 0) ® sC k (Z P 4>, Z n ip) — ^ sC k (Z o 0, Z n 



[f n sA{Z ,Z n )®skJ K A-Q^){ ( j>^)- 

a +t+f3=n 

T a+1+ PsA(Z , ...,Z a , Z a+t , . . . , Z n ) ® sA^(.A; C k ) (0, V) 

S C k (Z o 0,Z n ^)l. (A.ll) 



Aoo 
eV a+l+^,l 



lf k 



With identities ( |A.10| ) and ( |A.11| ) in hand, it is the matter of straightforward verification 
to check that (1 <X " 1 ® S ■ pr n ) ev Ck admits the following presentation: 

k 

Y Y [^yi(z ,z n )®f fc s yi op (x ,x fc )®x fc /o[i]®T' s A^(yi;C k )(/o,/0 

m=l p+q=n 

^ T p sA(Z , Z p ) ® f m s.A op (Xo, X m ) ® T 9 s./l(Z p , Z„) 

®f k - m sA°^X m ,X k )®X k f [l}®f l s/^(A-,C k )(f Ji) 

- — — — — fc ""'' ,9) sC k (yi(Xo, z ),A(x m , z^)) <g> sC k (yi(x m , z p ), z n /,) 

sC k (yi(X ,Zo),Z n /)] (A.12) 
+ [f n sA(Z ,Z n )^T k sA°^X ,X k )(g ) X k f [l}®T l sA^(A-,C k )(f J l ) 

13' iSk 

sC k (/i(Xo, z ), z n /,) --u sC k (yi(Xo, z ), z n /,)] (A.13) 

<3>0 

+ Y [T n sA(Z ,Z n ) ®T k sA op (X ,X k ) ® X k f [l]®T l s^(A-,QJUoJi) 

p+q=n 

^ f p S A(Z , Z p ) ® f fc s yi op (x , x fc ) ® x fc / [i] 

(8) T' S Aoo(A; C k )(/ , /i) ® T« S yi(Z p , Z n ) ® T°sA^(.A; C k )(/, /,) 
*' iP g ° > sC k (/l(X , Z ), Zp/,) ® sC k (Z p /,, Z n /,) -JU sC k (yi(Xo, Z ), Z n /,)] (A.14) 

+ ^ [f" s yi(Zo,z„)®f fc s yi p(Ao,A fe )®x fc / [i]®f' s A^(yi;C k )(/o,/ ; ) 

^ sC k (A(X , Z ),A(X , Z p )) ® sC k (/l(Xo, Z p ), Z n / Z ) 



6§ k 



S C k (yi(Ao,Z ),Z n /)] (A.15) 



- ^ [T n sA(Z , Z n ) ® f k sA op (X , X k ) ® X k f [l] ® f l sA^(A; C k )(/ , /,) 

a+t+l3=n 

T a+1+ sA(Zq, . . . , Z a , Z a+t) . . . , Z n ) 



f k sA op (X ,X k ) <g> X fc / [1] ®f f sAoo(yi; C k )(/ ,/) 

S C k (yi(Xo,Z ),Z„/)] (A.16) 



u fei;a + l+/3 
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+ [T n sA(Z ,Z n ) ®f k sA°P(X ,X k ) <g> X fc / [1] (8) T'sA^^; ^(/o,/,) 



p+q=n 
perm 



T p sA(Z , Z p ) T k sA°»(X , X k ) <g> X fc / [1] 

§f ^sA^C k ) (/ ,/i-i) ®T 9 s.A(Z p , Z n ) ® sA^CJ (/,_!, /,) 



«C k (>A(Xo, Z ), ® sC k (Z p /j_i, Z n /j) 

S C k (.A(Xo,Zo),Z„/0] (A.17) 



6^ 



I 

[T n sA(Z , Z n ) <g> f fe S yi op (Xo, X fc ) <g> X fc / [1] ® f 'sAoo(^l; CJ(/ , /,) 

p=i 



T n s.A(Zo,Z n ) <g> f fc S yL op (X ,X fc ) <g> X fc / [1] ® T'sAoo^jCk)^,/,) 

sC k (/l(X , Z ), Z n fi)] (A.18) 

^ [f n sA(Z , Z n ) <g> f fe S yi op (Xo, X fc ) <g> X fc / [1] ® f 'sAooCA; CJ(/ , /,) 
p=i 

^^^^ z0 ^ T , syL o P(Xo) Xfc) 

® X fc / [1] ® T'-^Aoo^; C k )(/ , . . • , /p+i, ...,/,) 

sC k (yi(Xo, Z ), Z n /,)] (A.19) 

fc 

J2[T n sA(Z ,Z n ) ® T fc S yT p (X ,X fe ) ® X fc / [1] ® T'sA^l; C k )(/ , /,) 

m=0 



f n M(z , ^n) ® f m s yi op (x , x m ) 



® X„J [1] ® T 'sA^^i C k )(/ , /,) ^> sC k (yi(X , Z ), Z n fi)] (A.20) 
- J][f" S yi(Zo,Z„) ® f fc S yi op (Xo,X fe ) ® X fc / [1] ® T ? sA^(yi;CJ(/o,//) 



m=0 



" 1 >m, Xife^ j 



T n syi(Zo, Z n ) ® T m sA op (X , X m ) ® X m /i[l] <g> T'^sAo^A; CJ(/i, /;) 

S C k (/l(X , Z ), Z B /,)] (A.21) 
- Yl [T n sA(Z ,Z n )^f k sA op (X ,X k )®X k f [l}^f l s^(A-,C k )UoJd 

1 ®n (g)1 ®a (g)& /l°P (gll <S>c (g)101 <g,! 



T n sA(Z ,Z n ) 

T a+1+c sA°v(X , ...,X a , X a+U , ...,X k )® X k f [l] ® T^A^; C k )(/ , /,) 



a + l + c,Z;ra 



s^AiX^Z^^M]. (A.22) 

Appearance of the component (Hom^op)^ in term ( |A. 12| ) is explained by the identity 
(Homy L op) pm = ((1, W) ev Aoo ) pm = (l 0p <g> ^QeVpf, which holds true by definition of 
the Yoneda A^-functor W : A° v — > Aoo(yi;C k ). Expanding (Homytop)^ according to 
formula ( |5.15| ), term ( |A.12| ) can be written as follows: 

_ (-)M[f»sA(Z Q ,Z n ) <g> f k sA op (X ,X k ) <g> X fc / [1] <g> T^OA; C k )(f Ji) 
^ T p sA{Z , Z p ) <g> T m s.A op (X , X m ) <g> f Z n ) 



® T fe - m S yi op (X m , X fc ) <g> X fc / [1] (8) T' S Aoo(yi; CkX/o, /j) 

coevC^coevC. ^(^(^ Z ), ^(X , Z ) ® T »*A(Z , Z p ) ® f m S A° P (X , X m )) 

<g> c k ( s yi(x m , z p ), sA(x m , z p ) <8) f«sA(z p , z n ) 

(8) f k - m sA op (X m , X k ) <g> X k f [l] <g> f l sA^(A; CkX/o, /,)) 
- k(1 ' PCrm) ^ (1 ' perm) > C k M(X , Z ) , T m S yi(X m , X ) ® sA(X , Z ) ® 7*&A(Z , Z p )) 

®c k ( s /i(x m ,z p ),x fc / [i]®f fc - m s yi(x fc ,x m ) 

® A(X ro , Zp) ® f *s.A(Z p , Z n ) ® f 'sAge^; C k )(/ , /0) 

> C k (s.A(Xo, Z ), s.A(A m , Zp)) 

® c k ( s yi(x m , Z p ),X k f [l] (8) sC k (X fc / , z n /0) 
is^W-Mi]), c k ( s yi(X , Z ), sA(X m , Z p )) 

® c k ( s yi(x m , Zp), x fc / [i] ® c k (x fc / [i], z„/,[i])) 
x ^ (1 ' evCt) > c k ( s /i(x , z ), s yi(x m , z p )) ® c k M(x m , z p ), z„/,[i]) hl]s0hlls > 
s c k (/i(x , z ), yi(x m , z p )) ® s c k (yi(x m , z p ), z n /o sC k (.A(x , z ), z n /,)] . 

Replacing the last two arrows by the composite mf k [— l]s and applying identity (p.5|) 
yields: 

_ (-) k+1 [f n sA(Z ,Z n ) ®f k sA op (X ,X k ) ®X k f [l] ®f l sA^(A; C k )(f Ji) 

► C k ( S yi(X , Z ),sA(X , Z ) ® T" S yi(Zo, z n ) 

® f fc S yi op (Xo, X fc ) ® X fc / [1] ® T'sAoo^; C k )(/ , /0) 
Mf^l C k (^(X ,Z ),X fc /o[l] ® T fc ^(X fc ,X ) (8) s-A(X ,Z ) 

® f " S /l(Zo, Z n ) ® r'sAgo^; CkX/o, /0) 

C lk (l,l®(l® ( ' : - m) ®Wl+P®l®' ? ®l® ! )ev^ m+1+gi ) 
: — > 

C k (^(X , Z ), X fc / [1] (gi sC k (X fc / , z n /0) 
ak(1 ' 10 " 1[lD ' C k M(X , Z ), X,/ [l] ® C k (X fc / [l], Z B /,[1])) 
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C k (sA(X , Z ), Z n f t [l]) sC k (A(X , Z ), Z n fi)] . 

Denote d' = s^ds = s^d^s = 6 £ : X k f [l] = sE(X k , f ) - X fe / [1] = s£(X fc ,/„). 
Thus, the shifted complex Xfc/o[l] carries the differential —d'. Since mj k = — C k (l, d') + 
C k (6 1; f ) : C k (sA(X , Z ),Z n fi[l)) -> C k M(X , Z ), ^//[l]), it follows that term ([Q3| ) 
equals 

[T n s.A(Z ,Z n ) ®f fc S yL°P(X ,X fc ) ®X fc / [l] ® FsAJiAiCJifoJi) 

c k ( s yi(x , z ), &a(x , z ) ® f n s yL(z , z n ) 

® f fc s yi op (x , X fc ) ® X fe /o[l] ® f 'sAoo(yi; C k )(/ , /i)) 
C k ( S yi(Xo,Zo),X fc /o[l] ® T fc S >l(X fc ,Xo) ® ^(X ,Z ) 

(8) f " S /l(Z , Z„) ® T'sAooOA; C k )(/ , /i)) 



Ck(l.l®ev*« 1+nil ) 



C k (^(X , Z ), X fc / [1] ® sC k (X fc / , Z n /0) 



c k ( s yi(Xo,Zo),x fe / [f] ® CkC^/oW.z^ii])) 

c k ( s yi(Xo, z ), z n /,[i]) c k ( s yi(Xo, z ), z n f t [i]) ^ sC k (A(x , z ), z n /,)] 
= [f" s yi(z ,z„) ® f fe s yi op (Xo,x fc ) ® x fe / [i] ® T^A^(yi;C k )(/o,/0 

^S. C k M(X , Z ), &A(X , Z ) ® T"sA(Z , Z n ) 

(8) f fc S yi op (X , X fc ) <g> X fc /o[l] ® f 'sAgo^; C k )(/ , /»)) 
C k ( S yi(X ,Zo),X fc /o[l] ® T k sA(X k ,X ) ® S< A(X ,Z ) 

® f n s-A(Z , Z n ) ® T'sAoo^; C k )(/ , /O) 

C k (sA(X 0} Z ),X k f Q [l] ® sC k (X fc / , Z n / { )) 

Sk(1 ' 10 " 1[lD > C k M(X , Z ), X fc / [1] ® C k (X fc / [l], Z B /,[1])) 

£k(1 '" evCk ' d,) ' C k (^(X , Z ), Z„/,[l]) sC k (yi(Xo, Z ), Z n /,)] 
_ [f"M(Z ,Z n ) ® f fc S yi op (X ,X fc ) ®X fc / [l] (gr'sAoo^; c k )(/ o ,/0 

5 T"sA(Z , Z n ) 

f k sA op (X , X k ) ® X k f Q [l] ® f 'sAgoG/l; C k )(/ , /i)) 
X ) ® sA(X , Z ) 
® f n sA(Z Q , Z n ) ® f l sK»(A; C k )(/ , fi)) 

fc+1+ "'' { C k ( S yi(X , Z ), X fc / [1] ® sC k (X k f , Z n /,)) 

5k(1 ' 10 " 1[lD > C k (^(X , Z ), X,/ [l] ® C k (X fe / [l], Z B /,[1])) 

c k M(x , z ), z n /*[i]) s c k (/i(x , z ), z„/,)] • 



C k ( S yi(Xo, Z ),sA(X , Z ) ® T"sA(Z , Z n ) 



^^C k (sA(X ,Z ),X k f [l}®T k sA(X k ,X ) ® S yL(X ,Z ) 
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Since ev Ck is a chain map, it follows that 
_ ev C . d > = g, !) ev c k +(1 m ^ k) ev c, . Xfc/o[1] C k (X fe / [l], Z n fi[l]) -> Z n /,[1], 

therefore term ( |A.13| ) equals 

(-)^[T n sA(Z ,Z n ) ® f fc ^°P(X ,X fc ) ® X fc / [1] ® f'sAocCA; C k )(/ o ,/0 
C k (s.A(X , Z ), &A(X , Z ) ® T n sA(Z 0) Z n ) 

® f fc S yi op (Xo, X fc ) ® X fe /o[l] ® r'sAgoG/l; CJ(/ , //)) 
C k ( S yL(X ,Zo),X fc /o[l] ® T k sA(X k ,X ) ® S< A(X , z ) 



f" S /l(Zo,Z n ) ® r'sAoo^; c k )(/ o ,/0) 



C k ( S /L(X , Z ), X fc / [1] <g> sC k (X fc / , ZJt)) 



C k M(X , z ), X fc / [1] ® C k (X fc / [l], Z B /,[1])) 

C k (^(X , Z ), Z„/,[l]) J=^ s c k (yi(Xo, Z ), Z B /,)] 
+ (_)*+* [T»&A(Z ,Z n ) ® f fc S yL°P(X ,X fc ) ® X k f [l] ® f'sA^^; c k )(/ o ,/0 

^» C k (s.A(X , Z ), &A(X , Z ) (g T n sA(Z 0) Z n ) 

® f fc S yi op (X , X k ) ® X k f {l] ® f l sA^(A; C k )(/ , fi)) 
c.d.pcrm) c k ( g yL(x ,Z ),X fc /o[l] ®f k sA(X k ,X ) ® sA(X ,Z ) 

(g) T"s.A(Z , Z n ) ® f 'sAgo^; C k )(/ , /0) 

C k (sA(X , Z ),X k f Q [l] <g> sC k (X fc / , Z n /0) 

C k ( S yi(Xo, Z ), X fc / [1] ® C k (X fc / [l], Z B /,[1])) 

C k (^(X , Z ), Z„/,[l]) J=^ S C k (yi(Xo, Z ), Z n / Z )] 
_ [f"M(Z ,Z n ) ® f fc S yi o P(X ,X fc ) ®X fc / [l] (gf'aAgo^; C k )(f Ji) 

T n sA(Z ,Z n ) 
® f fc ^ op (X , X fc ) ® X fc / [1] ® T'sAoo^; C k )(/ , /i)) 

Y ) ® sA(*o, Z ) 

f " s /i(z , z„) ® f 'sAoo^; c k )(/ , /0) 



C k (sA(X , Z ),sA(X , Z ) ® T n sA(Z 0) Z n 



^^C k (sA(X ,Z ),X k f [l]®f k sA(X k ,X ) ® sA(X , Z 



C k (l,l®(l' 8fc 'S)bi(g>l®"''S)l®')ev25° L+ni ,) 



C k ( S yi(Xo, Z ), X fc /o[l] ® sC k (X fc / , z n /,)) 



ak(1 ' 10 " 1[lD ' C k M(X , Z ), X k f [l) ® C k (X fc / [l], Z„/,[l])) 

^fUc k ( S yi(X ,Z ),Z n /ai]) ■i^ a C k (>l(Xo,Zo),Z n / J )]. (A.23) 
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Using the identity 

f=[X^ C k (F, Y ® X) C k (F, Y C k (Y, Z)) C k (F, Z 

valid for an arbitrary / e C k (X, C k (Y, Z)) by general properties of closed monoidal cate- 
gories, term (|A.14j) can be written as follows: 

_ (-) k+1 [f n sA(Z ,Z n ) ®f k sA op (X ,X k ) ®X fe /o[l] ®f l sA^(A; C k )(f Ji) 
^Tv S A(Z ,Z p )®T k sA o nX ,X k )®X k f [l]®T l s^(A ] C k )(f ,f l ) 

® T«sA(Z p , Z n ) ® T°sA^(A-C k )(fi, fi) 
C k ( S yi(Xo, Z ), sA(X Q , Z ) ® f p s>l(Zo, Z p ) ® T k sA°v(X , X k ) ® X fc / [1] 
® T^A^-A; C k )(/ , /i)) ® CkC^p/iW, Vtft ® ^sA^,, ^n) ® T°sAoo(A; C k )(f h /,)) 

£k(1 ' pcrm)01 > c k ( s yi(x , z ),x k f [i] ® f fc s /i(x fc , x ) ® &a(x , z ) ® f p s yL(z , z p ) 

(8) T'sAgoCyi; C k )(/ , /i)) ® C k (Z p / ; [l], Z p /,[1] ® t* s .a(z p , Z n ) ® r°sAoo(yi; C k )(/ ; , /,)) 

C k (s/l(Xo, Z ),X h f [l) ® sC k (X fc / , Z p /,)) 

® ^(Z p / z [l],Z p /,[l] ® sC^ZJuZJt)) 

^^^^ 

®c k (z p ^[i],z p /ai]®c k (z p /4i],z„iai])) 

C t (l,ev c k)®C k (l ! ev c k) , , . r , . , r , j? M 1\ 



S C k (^(X , Z ), ® sC k (Z p /,, Z n fi) sC k (A(X , Z ), Z„/,)] . (A.24) 
Replacing the last two arrows by the composite mf k [— l]s and applying identity ( p.5| ) leads 



to 



coev L k 



[f n s-A(Z , Z n ) ® f k sA op (X Q , X k ) ® X k f [l] ® T'sAooOA; C k )(/ , //) 
• C k (s.A(X , Z ), &A(X , Z ) ® f n sA(Z , Z n ) 

®f k sA op (X ,X k ) ®X k f [l] ® T^A^CJOo,/*)) 



^±!I^l C k ( S yi(Xo,Zo),X fc /o[l] ® T fc S yi(X fc ,Xo) ® ^(Xo,Z ) 



5 f n S A(Z , Z n ) ® f 'sAgoCyi; C k )(/ , fi)) 
C k (sA(X , Z ),X k f {l] ® T fe sA(X fc , X ) ® &A(X , Z ) ® f p S ^(Z , Z p ) 
® f f sAoo(yi; CjJC/o, fi) ® f «aA(^, Z n ) ® r° S Aoo(A; C k )(/ i; /,)) 

CJlA®ev£<?°, , ,®cv A ,°°) 

^ C k (sA(X , Z ),X k f [l] ® S C k (X fc / , Z p /,) ® sC k (Z p ^, z n /0) 
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c k (i,(cvC^i )CT c k ) Qk{sA{x ^ Zq1 Znfi[1]) t% sCMX^Z^ZJt)]. (A.25) 

Since 

(ev Ck (8)1) ev Ck = (1 <g> mf k ) ev Ck : 

X k f [l] <8 C k (X fc / [l],^[l]) (g) C k (Z p /,[l],Z n /,[l]) - Z n /,[1], 

and (8 s~ 1 [l])m:f t = — 6^ k s~ 1 [l], we infer that term ( A.14J) equals 

( ^+1 



cocv c k 



[f n s>l(Zo,Z n ) ®T fc S yT p (X ,X fc ) ® X k f [l] <g>f l sAJiA; CJifafi) 
C k (sA(X , Z ),sA(X , Z ) ® f n sA(Z , Z n ) 

(8) f fc S -A op (X , X fc ) g) X fc / [1] ® f 'sA^-A; C k )(/ , /i)) 
^(i.pcrm) c k ( gyl (x , Z ), X fc / [1] (8> f fc g >l(X fc , X ) (8 sA(X ,Z ) 

(8 T n S /l(Z , Z„) (8 r'sAgo^; C k )(/ , /i)) 

Ct(l,l®perm-(evtS , , ® evV )ftf k ) 

^ C k (sA(X , Z ),X k f [l] ® sC k (X fc / , ZJi)) 

g^gf^H) C k (^(X , Z ), X*/ [l] ® C k (X fc / [l], Z„/,[l])) 

^(&A(X 0) Z ), Z n /,[1]) S C k (/l(X 0! Z ), Z B /,)] . 



Similarly, term ( |A.15| ) equals 



_ (_)*+i [T» Sl A(Z ,Z n ) ® f fc S yi o P(X ,X fc ) ® X fc / [1] ® f z sAoo(yi; C k )(/ o ,/0 



)®C k (l.l®<?i +9 , I ) 



C k (s.A(X , Z ),sA(X , Z ) (8) T p sA(Z , Z p )) (8 c k ( s yi(x , Z p ), 
^(X ,Z P ) ®f^(Z p ,Z n ) (8 T fe S .A op (X ,X fc ) ®X jfc / [l] ®T^A^(yi;C k )(/ o ,/0) 

1 ^ (1 ' PCTm) > C k M(Xo, Z ), S yi(X , Z ) ® T?sA(Z , Z p )) 

®C^{sA(X Q ,Z p ),X k f [l]®T k sA(X k ,X ) 

® s-A(X , Z p ) ® T« S .A(Z p , Z n ) ig) f z sA^(.A; CJ(/ , /0) 

c k (^(Xo,z ), s yi(Xo,z p )) 

® C k ( S< A(X , Z p ), X fc / [1] (8 sC k (X fc / , z n /0) 

1(8^(1, 

> 

C k ( S yi(X Q ,Zo), S A(Xo,Z p )) (gi C k M(X ,Z p ),X fc / [l] gyifc/otPJill])) 
1 ^ (1 ' evC " ) > C k (sA(X , Z ),sA(X , Z p )) (gi C k ( S /l(Xo, Z p ), Z n / ; [1]) 

bllfgh^ s c k (/i(Xo, z ),yi(Xo, z p )) ® sC k GA(x , z p ), z n /0 
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S C k 0A(X o ,Z o ),Z n /0] 
= -(-) k+1 [f n sA(Z ,Z n ) ®f k sA op (X ,X k ) ®X k f [l] ® f'sA^^C^)^,//) 

c k ( s yi(x , z ), &A(x , z ) ® f " s yi(Zo, z n ) 



^(i.pcrm) c k ( g yL(x ,Z ),X fc /o[l] ® T fc g yi(X fc ,Xo) ® s-A(X ,Z 



f fc s yi op (Xo, x fe ) ® x fc / [i] ® r'sAgo^; c k )(/ , /0) 

Y ) ® sA(X , Z ) 

T n sA(Z , Z n ) ® f 'sAoo^; C k )(/ , /i)) 



C k (l,li8)(l® fc 'S)f'p+nX>l ,8 ' J «.l® i )ev2^ 1+(3>i ) 



C k ( S .A(X , Z ), X k f [l] ® sC k (X fc / , ^n/t)) 



&(1,18a " 1[1]) } C k (sA(X , Z ),X k f [l) ® C k (X fe / [l], Z B /,[1])) 

C k (s.A(X , Z ), Z B /,[1]) sC k (A(X , z ), z B /,)] 

due to identity (0J5). It follows immediately from naturality of coev k that term (|Al6|) 
equals 

[T n S< A(Z ,Z n ) ®f k sA op (X ,X k ) ®X k f Q [l] ® i y sA 2 o(yi;C k )(/o,/,) 

— C k (s.A(X , Z ), &A(X , Z ) ® f w sA(Z , Z n ) 

® f fc S yi op (Xo, X k ) ® X k f [l] ® f 'sAooOA; CJ(/ , /i)) 

£t(1 ' pcrm) > c k ( g .A(x , z ),x k f [i] ® f fc g yi(x fc , x ) ® ^(x ,z ) 

® f n S /l(Z , Z n ) ® r z s Aoo(yi; C k )(/ , /i)) 

£ k (l,l(8)(l 8 " i: 'S)l«)l® a ®fetiS>l ,g,/3 iS>l ,g,i )ev25f a+ 2 +/ 3 i ,) 
: — > 

C k ( S /l(Xo, Z ), X fc / [1] ® sC k (X fc / , 
C k (^(X , Z ),X k f [l] ® C k (X fc / [l], Z„/,[l])) 

c k M(x , z ), z n /,[i]) sC k 0A(x o , z ), z B /,)] . 

Term ( |A.17|) can be written as follows: 

_ {-) k ^[f n sA{Z ,Z n ) ® T fe S yT p (X ,X fc ) ® X fc /o[l] ® f z sAoo(yi; C k )(/ o ,/0 

^ f p S yi(Z , Z p ) ®f fc s yi op (Xo,X fc ) ®X fc / [l] ®T'- 1 sA^(yi;C t )(/o,/n) 

® f i S A(Z p , Z n ) ® sAoo(yi; C k )(./U, /,) 

coevC^cocvC. ^(^(Xq, Zq), S.A(X Q , Z ) ® f P sA(Z , Z p ) ® f fc S^ Op (X , X fe ) 



® X fc / [1] ® f^s^A; CJ(/ , /j-i)) 
® C^Z^Jl], Z p / W [l] ® f«&A(Z p , Z n ) ® sAooGA;^) C/U, /i)) 
M^f^ C k M(X , Z ), X k f [l] ® f fc S yi(X fc , X ) ® s.A(X , ^o) 
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<g> fP S A(Z , Z p ) ® r' _1 sAoo(A; C k ) (/ , 
® CkCVi-iW. ® ^s.A(Z p , Z„) ® sAJlA; CJC/j-i, //)) 

^ — ^ C k ( S yi(Xo, Z ), X fc / [1] (8 sC k (X fc / , Z p /,_ x )) 

® C k (Z p ./U[l], Z^_![l] ® sC k (Z p ./U, Z n /,)) 

^ k (l,ev c k)®C k (l,ev c k) r.n r „ m v , ril \ [-l]s®[-l]s 

sC k (yi(Xo, Z ), Z p //_i) <g> sC k (Z p / z _i, Z n /;) — sC k (7l(Xo, Z ), Z n fi)\ . 

The obtained expression is of the same type as ( |A.24j ). Transform it in the same manner 
to conclude that term ( |A.17| ) equals 



— C k (s.A(X , Z ), sA{X , Z ) ® T n sA(Z , Z r , 



^^C k (sA(X ,Z ),X k f [l]®T k sA(X k ,X ) ® S< A(X 0) Z ) 



(-) fc + 1 [f™ s yi(z ,z n ) ®f fc s yL°p(x ,x fc ) ®x fc /„[i] ® f^OA; c k )(/ o ,/0 

(g) f n s yi(Zo, z n ) 

f k sA°v(X , X k ) ® X fc / [1] <8> f 'sAooOA; C k )(/ , /i)) 
X ) ® sA(X , Z ) 
® f n sA(Z , Z n ) ® T l sA^(A; C k )(/ , fi)) 

C(lJ®perm-(ev£2l , , . g) ev A ,°° )fcf k ) 

91 ' : C k M(X , Z ), X,/ [l] ® ,C k (X fe / , Z„/,)) 
g^gf^H) C k (^(X , Z ), X fc / [1] ® C k (X fc / [l], Z„/,[l])) 

c k M(x , z ), z n /,[i]) J=^ s c k (A(x , z ), z n /o] ■ 



Obviously, term ( |A.18 ) can be written as follows: 



(-)^[T n sA(Z Q ,Z n ) ®T k sA op (X ,X k ) g)X fe / [l] ® T^OA; C k )(/ , 

— c k ( s yi(x , z„), aA(x , ^o) ® T« s yi(z , z n ) 

® f k sA op (X , X k ) ® X fc / [1] <8> f 'sAgo^; C k )(/ , /i)) 
c^d.pcrm) c k ( s yL(x ,Z ),X fc /o[l] ® T fc g yi(X fc ,Xo) ® ^(X ,Z ) 



f " S yi(Z Q , Z„) ® f 'sAoo^; C k )(/ , /i)) 



C Jk (l,l(g)(l® fc <g)lig>l® n (g)l®P- 1 ®Bi(g>l® , -P) ev^3° 1+n j) 



C k ( s A(X , Z ), X fe / [1] ® sC k (X fc / , z n /0) 
5k(1 ' 10 " 1[lD > C k M(X , Z ),X k f [l] ® C k (X fe / [l], Z B /,[1])) 

c k M(x , z ), z n /*[i]) J=^ *c k (A(x , z ), z„/,)] • 
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Similar presentation holds for term ([A. 19 ): 

(^[f n sA(Z ,Z n ) ®f k sA op (X ,X k ) ®X k f Q [l] ® f l sA^(A;C k )(f ,fi) 
^ C k (sA(X Q , Z Q ),sA(X Q , Z ) <g> T n sA(Z , Z n ) 



Sk(1 ' perm) > c k ( s /i(Xo, z ), x fc / [i] ® f fc s yi(x fc , x ) ® sA(x , z 



f fc ^ op (X , X fc ) ® X fc / [1] ® T 'sAgoOA; C k )(/ , /O) 
Y ) ® sA{X , Z ) 

f n sA(Z , Z n ) ® r'aAoo^; C k )(/ , /i)) 



C k (l,l(8)(l ,8fc ig)l«)l® n ®l® p - 1 ®S2®l ,8i " j: '~ 1 ) ev*3° 1+n 
: ► 

C k (sA(X , Z ), X fc / [1] ® sC k (X fc / , Z n fi)) 
C k ( S yi(Xo, Z ), X*/„[l] ® C k (X fc / [l], Z„/,[l])) 



c k M(x 0) z Q ), z b /,[i]) s c k (/i(x 0) z ), z B /,)] . 



If m = fe, term ( |A.20| ) equals 
(-) fc+i [f» Sl A(Z , Z n ) ® f k sA op (X , X k ) ® X k f [1] ® T l sKo{A; C k )(/o,/i) 

cocv c k 



C k (l,d'®ev^ 1+ „ ]Z ) 



c k ( s yi(x , z ), &a(x , z ) ® T" s yL(z , z n ) 

(8) f k sA op (X , X k ) ® X k f [l] ® f l sA^(A; C k )(/ , fi)) 
^^C k (sA(X ,Z ),X k f [l]®f k sA(X k ,X ) ® sA(X ,Z ) 

® f n syi(Zo, Z„) (8) f 'sAgo^; C k )(/ , /»)) 

C k (sA(X , Z ),X k f Q [l] ® sC k (X fc / , 
g^gf^!) C k (^(X , Z ), X*/ [l] (8 C k (X fc / [l], Z n / Z [l])) 

c k M(x , z ), z n /*[i]) ±% sC k (A(x , z ), z n /,)] , 

it cancels one of the summands present in (|A.23|) . Suppose that ^ m ^ k— 1. Expressing 
6f_ m0 via ev A f° m0 , we write term ( |A.20|) as follows: 



-) k+1 [T n sA(Z ,Z n ) ® f fc S /l o P(X ,X fc ) ® X fc / [1] ® T'sAoo^; C k )(/ ,/z) 

f ™ s yi(Zo, z n ) ® f m s /i op (Xo, x m ) ® x fc / [i] ® f k - m sA(x k , x m ) 

® T°5Aoo(yi; C k )(/ , /o) ® T'sAgoCA; C k )(/ , /i) 

l® n ®l® m g>l®ev£°° n®!®' - 

^ > T n sA(Z , Z n ) ® T m sA op (X , X m ) ® X k f [l] 

® sC k (X k f , X m f ) ® f l sA^{A; CJ (/ , /,) 
i^i^i^i]^ f „ syl(Zo) ^ fm sA o P{x ^ Xm) ^ Xkfo[1] 

® C k (X fc / [l], X m / [1]) ® T'sAgoCA; C k )(/ , /0 
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> 

T" S yL(Z ,Z n ) <g> T m S yL op (X ,X m ) X m / [1] ®T^Aoo(yi;C k )(/o,/0 
-> C k (s.A(X , Z ), &A(X , Z ) ® T" s yi(Zo, Z n ) ® T m s.A op (X , X m ) 

®X m / [l]®f^A^(yi;CJ(/o,/ Z ; 

nprm^ _ _ — 



gt(1,perm) > c k ( s /i(Xo, z ), x m / [i] ® f m s yi(x m , x ) ® s< a(x 0j z ) 

<8 T"syi(Z , Z„) <g> f l skJyA; C k 



■ - -J(fo,fi)) 

^ Q.k( s M x o, Z ),X m f [1] <8> sC k (X m f , Z n fi)) 
^ ms ' 1[1] \ C k M(X , Z ), X m / [l] ® C k (X m / [l], Z B /,[1])) 

c k M(x , z ), z B /,[i]) s c k (yi(x , z ), zm] 

-) k+1 [T n sA(Z ,Z n ) ®T k sA°v(X ,X k ) ® X k f [l] ® T^(A; C k )(/ , /*) 



= {-) k+1 

coev 



+ C k (sA(X , Z ),sA(X , Z ) ® f n S yi(Zo, Z n ) (g) T fc s .A op (x , x fc , 

®X fc / o [l]®f' S A^(yi;C k )(/o,/0) 
C k ( S /l(Xo, Z ), X fc / [1] ® f k - m sA(X k , X m ) ® T°sAJiA; C k )(/ ,/o) 

)(/o,/i)) 

! 

,/0) 



lc k (sA(Xo,Zo),X k f [l]^f k - m sA(X k ,X m )®T%^(A;C k )(f J ) 
<8> T m s.A(X m , X ) (8) syt(X , Z ) (8) T n s/l(Z , Z n ) ® f l s/K»(A; C k )( 

> 

C k (aA(X , Z ), X fc /o[l] ® sC k (X fc / , X m / ) ® sC k (X m / , Z n /,) 

> 

C k (^(X ,Z ),X fe /o[l] ® C k (X fe / [l],^m/o[l]) ® C k (X m / [l],Z„/ai])) 

C k (l,(e V C^ 1)cv C H U&A{XQt ^ Znfi[l]) t% s C k{A{Xo , Z ), Z nfl )] . 

The further transformations are parallel to (|A.25| ). We conclude that term ( |A.20[ ) equals 

_ (-) k +*[f n sA(Z ,Z n ) ® f fc S yi op (X ,X fc ) ® X fc / [1] (g) T'sA^^; C k )(/ o ,/0 

^fi. C k M(X , Z ), &A(X , z ) <g> f " S yL(Z , z n ) 

(8) f fc S yi op (X , X fc ) (8) X fc / [1] ® f l sA^(A; C k )(/ , /i)) 
^±2!^ C k ( S yi(X ,Zo),X fc /o[l] ® T k sA(X k ,X ) (8 ^(X ,Z ) 

® f " S yi(Zo, Z n ) 8) r'sAgo^; C k )(/ , //)) 

fc - m , m+ w j c k ( s /i(Xo, z ), x k f [i] ® s c k (x fc / , z„/,)) 

£fc(1,18a " 1[1]) ; C k M(X , Z ), X,/ [l] ® C k (X fe / [l], Z„/,[l])) 

c k M(x , z ), z n /,[i]) s c k (/i(x , z ), z B /,)] . 



97 



The case of term ( |A.21| ) is quite similar, we only give the result: 

_ (-) k ^[f n sA(Z ,Z n ) ® f k sA op (X ,X k ) ® X k f [l] ® T l sA^(A; C k )(fo,fi) 
^ C k (sA(X , Z ),sA(X , Z ) <g> f n sA(Z , Z n ) 



Sk(1 ' perm > C k (sA(X , Z ), X k f [l] ® f k sA(X k , X ) ® sA(X , Z 



f fe *A op (X 0) X fc ) ® X fc / [1] ® T l sA^(A; C k )(/ , /0) 
Yo) ® sA(*o, Z ) 



fc ' m ' 1 m+1+ "' i ~ 1 > C k (^(X , Z ), X fe / [1] ® s c k (x fe / , z B /0) 
&(1,18a " 1[1]) > C k M(X , Z ), X*/„[l] ® c k (x fc / [i], z n / z [i])) 

C k M(X , Z ), Z n /,[1]) ^ sC k (A(X , Z ), Z„/,)] • 
Finally, using formula (|3.2j) for &^° P , we find that term ( |A.22| ) equals 

(-) a+2+c [f n sA(Z ,Z n ) ® f k sA op (X ,X k ) ® X k f [l] ® r'sAoo^^C/o,/,) 
C k ( S yi(Xo, Z ), &A(X , Z ) ® f n s/L(Z , Z n ) <g> T fc s .A op (x , X fc ) 

(SXfc/otlJlgir'sAoo^^C/o,/,)) 

► C k (s>A(Xo, Z ), sA{X , Z ) <8> T s.A(Z , Z n ) 

<8> f a+1+c sA°v(X , . . . , X a , X a+n , . . . , X k ) ® X k f Q [l] ® T^Aoo(yi; C k )(/ , /O) 

^ (1,perm) > c k ( s /i(x , z ), x fe / [i] ® t c+1+a s yi(x fc , . . . , x a+n , x a , . . . , x ) 

® sA(X , Z ) (8) f n S yi(Zo, Z n ) <g> T l sA^(A; C k )(/ , /,)) 

Sk(1 ' 10ev ^ 2+a+ " j) > c k ( s /i(x , z ), x fe / [i] ® sc k (x k f , z B /0) 

&(1,8 '" 1[11) > C k M(X , Z ), X fc / [1] (8 C k (X fe / [l], Z n /,[1])) 

c k M(x , z ), z B /,[i]) s c k 0A(x o , z ), z n /,)] 

= (-) a+u+c+1 [T^(Z ,Z n ) ®f fc S yi op (Xo,X fc ) ®X k f [l] ®T l sAJlA-,CJ(fo,fi) 
^> C k (sA(X , Z ),sA(X , Z ) ® f " S yL(Z , Z n ) 



Mf^l C k ( S /l(X ,Zo),X fc /o[l] ® T fc S yi(X fc ,Xo) (8) s-A(X ,Z 



® f fc ^ op (X , X fc ) (8) X fc / [1] ® T'sAoo^; C k )(/ , /O) 
X ) (8) syt(x , Z ) 

T"s.A(Z , Z n ) ® r'sAoo^; c k )(/ , /0) 



C k (l,l®(l ,8c ®b ^ ®l® a <»l<g>l ,gm ®l ,8,^ ) ev£°° +a+n ,) 
: — > 

C k (^(X , Z ), X fc / [1] (gi sC k (X fc / , Z n fi)) 
^ ms ~ l[1] \ C k (sA(X , Z ), X,/ [l] ® C k (X fc / [l], Z B /,[1])) 
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C k (sA(X , Z ), Z n U\\\) t% sC k (A(X , Z ), Z B /,)] . 

The overall sign is (-)«+«+ c + 1 = (-) fc+1 . 
Summing up, we conclude that 

<g> 5 • prj ev Ck = (-) fe+1 [f n sA(Z , Z n ) ® f k sA op (X , X k ) ® X fc / [1] 

®T^0A;C k )(/ o ,/,) 

► c k ( s yi(x , Z ), &A(X , Z ) ® T n s yL(Z , Z n ) 

® f fc s.A op (Xo, X fc ) ® X fc / [1] ® f l sA^(A; C k )(/ , /,)) 

g^perm) ^(^(Xq, Z ), X fc / [1] ® f k sA(X k , X ) ® &A(X , Z ) 

® T" S> A(Zo, Z„) ® T'sAoo^; C k )(/ , /,)) 
C k ( S yi(Xo, Z ), X k f [l] ® s c k (x fc / , Z B /,)) 

c k ( s yi(x 0! Z ), X fe / [1] ® C k (X fc / [l], Z B /,[1])) 

^f^l C k M(X , Z ), Z n /,[1]) sC k (A(X , Z ), Z B /,)] , 

where 



k 

m=l p+q=n 

-(l^®6 1 ®l^®l^)evfew+ E Pe™-(ev^ 1+p ^ev5r)fef k 

p+<j=n 

p>0 

- E (l 0fe ®W®l^®l ')ev^ 

p+q=n 

- l® Q (8)6 t (8) l®"® 1®') ev^ Q+2+j9i , 

a+i+/3=n 

+ ^ perm V£+i +P) ;-i®evJr)&f k 

p+q=n 

P =i 
i-i 

P =i 

fe-i fc 
+ E( ev fc-™,o ® ev^ 1+n + £ perm -(ev^i <8> ev^+^.J^ 

m=0 m=0 
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U\ „„A, 



eV c+2+a+n,Z ■ 



a+u+c=fc 

f fc ^(x fc , x ) ® s< a(x , z ) ® T" s yi(z , z n ) ® f 1 s a^{a ; c k ) (/„, /,) 

~~ > s C k (X fc / , Z n fi), 

which is easily seen to be the restriction of (ev A °° t£ k — {b A M 1 + 1 M 5)ev Aoo )pr 1 : 
TsAMTsAoo(A; C k ) -> sC k to the summand f fc s.A(X fc , X ) <g>Si/l(X , Z ) ®T n sA(Z , Z n ) ® 
r'sAoo^; C k )(/o, /z) of the source. Since ev Ao ° is an Aoo-functor, it follows that i? = 0, 
and the equation is proven. That finishes the proof of Lemma |A.2| . □ 

Let A be an A^-category, and let / : A — > be an Aoo-functor. Denote by M the 
yi-module determined by / in Proposition |4.2| . Denote 

T = U 00 : sM(X) = s£(X,/) = Xf[l] -> sA^-A; C k )(tf x , /) (A.26) 

for the sake of brevity. The composition of T with the projection pr n from (|A.3|) is given 
by the particular case p = q = of ( |A.4j ): 



T n = -[sM(X) 



coev k 



C k (s.A(X, Z Q ) ® T n sA(Z , Z n ), sA(X, Z ) <g> T n S yi(Z , Z n ) ® sM(X)) 
C k (s.A(X, Z ) ® T n syi(Zo, Z„), sM(X) <8> s.A(X, Z ) ® r n s.A(Z , z n )) 
Ck(aA(X, Z ) ® T n s yi(Zo, Z n ), sM(Z„)) 



^(i.e+i) 



c k (T« s yi(z , z n ), c k ( s /i(x, z ), sM(z n ))) 
^^c k (T n sA(z ,z n ),c k (A(x,z ),M(z n ))) 

c k (T™ s yi(z , z n ), s c k (yi(x, z ), M(z r 

where n ^ 0, r = (5 2 n+i "o 1 ) e ®n+2- An element r 6 sM(X) is mapped to an 
Aoo-transformation (r)T with the components 

(r)T n : T" S yi(Zo, Z n ) -> sC k (.A(X, Z ), M(Z n )), n > 0, 
zi (8) • • • <8> z„ i-> (zi (8) • • • <8 z n (8) r)T^, 

where 

r' n = - [T n sA(Z , Z n ) <g> sM(X) 



coev^-k 



C k (sA(X, Z ), sA{X, Z ) (8) T n S yL(Z , Z n ) (8) sM(X)) 
C k (syi(X, Z ), sM(X) (8) sA(X, Z ) <g> T" S yi(Z , Z n )) £k(1,6 " +l) ) 
C k (syL(X,Z ),sM(Z n )) -t^C k {A{X,Z ),M{Z n )) ^ sC k (yi(X, Z ), M(Z n ))] . 
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Since is a chain map by Lemma A. 2 , vanishing of (|5.12 ) on sM(X) implies that the 



map 



O 00 = T:( S M(X),6 ( 



£ 
00 



s- l d x ft 



{sA 00 (A;C k )(H x J)Xo = Bi 



is a chain map as well. The following result generalizes previously known Aoo- version of 
the Yoneda Lemma ||Fuk02| , Theorem 9.1], ||LM04| , Proposition A. 9], and gives the latter 
if / = H w for W G Ob A. It can also be found in Seidel's book |(5ei06| , Lemma 2.12], 
where it is proven assuming that the ground ring k is a field, and the proof is based on 
a spectral sequence argument. The proof presented here is considerably longer than that 
of Seidel, however it works in the case of an arbitrary commutative ground ring. 

A. 3 Proposition. Let A be a unital A^-category let X be an object of A, and let 
f : A — > C k be a unital A^-functor. Then the map T is homotopy invertible. 



Proof. The ^loo-module M corresponding to / is unital by Proposition [4.4| . The compo- 
nents of / are expressed via the components of b M as follows (k ^ 1): 



f k = [T k sA(Z ,Z, 



,)^C k (sM(Z ) } sM(Z ) 



T k sA(Z ,Z k )) 



C k (sM(Z ), sM(Z k )) -iil C k (M(Z ), M{Z k )) 



sC k (M(Z ),M(Z k ))]. (A.27) 



Define a map a : sA 00 (A;C k )(H , f) — > sM(X) as follows: 



a: 



[sA^(A; C k )(tf x , /) sC k (A(X, X), M(X)) J-+ C k (A(X, X), M(X)) 

sM(X)) = sM(X)]. (A.2* 



C k M(X,X), S M(X))^^lc k 



The map a is a chain map. Indeed, pr is a chain map, and 



T'MCkUtf, 1)^ = ^[l^Utf. l)Ck(l. fo i 

= s~ l ll}(-C k (l,b™) + CkCfei, 1)^(^,1) = s-^lJm^Ui^l) 
= s-^IllCkUi^, 1) = ^[IJCkUio 4 , 1), 
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since xtf is a chain map, and [1] is a differential graded functor. Let us compute Ta: 



Ta = T s -1 [l]C k (xi^,l) = ~[sM(X) C k (sA(X,X),sA(X,X) ® sM(X)) 

C k (sA(X, X), sM(X) <g> sA{X, X)) C k {sA{X, X), sM{X)) 



C k (k, sM(X)) = sM(X)] 



[sM(X) ^> C k (sA(X, X), sA(X, X) <g> sM(X)) £tUi °' 1) > 

C k (k, s^X, X) ® sM(X)) ' 1 > C k (k, sM(X)) = sM{X)] 
[sM(X) ^> C k (k, k <g> sM(X)) - k(1,xi °^ 1} > C k (k, sA(X, X) <g> sM(X)) 

gte(1 ' cbf) > C k (k, sM(X)) = sM(X)] 
[sM(X) sM{X) <g> s.A(X, X) sM(X)] . (A.29) 



Since M is a unital Aoo-module by Proposition ^3], it follows that Ta is homotopic to 
identity. Let us prove that aT is homotopy invertible. 

The graded k-module sA 00 (A; C k )(H x , /) is V — Yl^=o Vn, where 

V n = J] C k (T n sA(Z , Z n ), sC k (A(X, Z ), M(Z n ))) 

Z ,...,Z n eObA 

and all products are taken in the category of graded k-modules. In other terms, for d G Z, 
V d = UZo Vt where 

= II C k (T n sA{Z ,Z n ),sC k (A(X,Z Q ),M{Z n ))) d . 

Z ,...,Z n eObA 

We consider V d as Abelian groups with discrete topology. The Abelian group V d is 
equipped with the topology of the product. Thus, its basis of neighborhoods of is given 
by k-submodules $^ = O" 1 ' 1 x Un= m V n- The Y form a filtration V d = $ d D $f D $!* D 
.... We call a k-linear map a : V —>■ V of degree p continuous if the induced maps 
a d,d+p _ fl | . yd ^ yd+p are continuous for all d G Z. This holds if and only if for any 

rfeZ and m G N = Zj> there exists an integer k = n(d, m) G N such that {& d )a c < ^ ) m fp - 
We may assume that 

m' < m" implies K{d,m') ^ K{d,m"). (A. 30) 

Indeed, a given function m i— > n(d, m) can be replaced with the function m \— > m) = 
min„^ m k(cZ, n) and satisfies condition ( |A.30|) . Continuous linear maps a : V — > V 
of degree p are in bijection with families of N x N-matrices (^4 d ' d+p )dgz of linear maps 
A n™ v ■ V n ~> V m +P Wlth finite number of non- vanishing elements in each column of A d,d+P . 
Indeed, to each continuous map a d,d+p : V d — - > V d+P corresponds the inductive limit over 
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m of K(d, m) x m-matrices of maps 

Vd /®i(d, m ) V d+p /$ d + p . On the other hand, to each 
family (A d,d+P ) of N x N-matrices with finite number of non- vanishing elements in each 
column correspond obvious maps a d,d+p : V d — > V d+P , and they are continuous. Thus, 
)dez is continuous. A continuous map a : V — > V can be completely recovered 



a = a 



d,d+p 



from one N x N-matrix (a„ m )„ jmeN of maps a nm = {A d J^ p ) d&L : V n ^ V m of degree p. 
Naturally, not any such matrix determines a continuous map, however, if the number of 
non-vanishing elements in each column of (a nm ) is finite, then this matrix does determine 
a continuous map. 

The differential D = f B\ : V — > V, r i— > (r)Si = rb — {—) r br is continuous and the 
function /c for it is simply m) = m. Its matrix is given by 



D — B 1 — 



A),o 


D ,i 


£> 







D 








D 



0,2 
1,2 
2.2 



where 

£>M = C k (l,^)-C k ( £ 1®p ® 6 X ® :V*->V fc , 

p+i+<j=fe 

r fc £> fc)fc = r fc 6^ - (-) r £ (1^(8)61(8)1®')^, 

p+l+g=fc 

(one easily recognizes the differential in the complex V k ), 

r k D Kk+1 = (r k ®h)b^ + (H?®r k )b^-{-) r ]T (l 0p ® 6 2 g 

p+q=k — 1 

Further we shall see that we do not need to compute other components. 
Composition of «T with pr n equals 



Tlt- 



Oi 



T n = -[sA^(A;C k )(H x J) sC k (A(X,X),M(X)) 



C k (sA{X, X), sM(X)) - k(xi °' 1) > C k (k, sM(X)) = sM(X) 



coev c k 



c k (sA(x, z ) <g> T" s yi(Zo, z n ), syi(x, z ) <g> T n syL(z , z n ) <g> sM(x)) 

C k (s.A(X, Z ) <g> T n S yi(Z , Z„), sM(X) <g> sA{X, Z ) <g> T n sA{Z , Z n )) 



C k (sA(X, Z ) <g> T n syi(Zo, Z n ), sM(Z„)) 
^^(•/•".-'./liZ,,. Z n ), C k (s/l(X, Z ), sM(Z n ))) 

- ' : 110 C k (T n sA(Z , Z n ), s^AiX, Z ), M(Z n )))] 
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Clearly, «T is continuous (take K(d,m) = 1). Its N x N-matrix has the form 



aT 



* * * 





A. 4 Lemma. The map aT : V — > V is homotopic to a continuous map V — > V, whose 
N x N-matrix is upper-triangular with the identity maps id : 14 — > 14 on tie diagonal. 

Proof. Define a continuous k-linear map K : s (A; C k ) , /) — > sA^(yi; C k )(H x , /) 
of degree —1 by its matrix 



if 



so to) = to+ 1, where K k+ i tk maps the factor indexed by (X, Z , . . . , Z k ) to the factor 
indexed by (Z , . . . , Z k ) as follows: 

tffc+i,* = [C k (sA(X,Z )®TsA(Z ,Z k ),sC k (A(X,X),M(Z k ))) 









... 


#1,0 





... 





K 2 ,i 


... 



(^c k) -i 



Ck(l,[-l]s) 



C k (a/l(X, Z ) <g> Ts/l(Z , Z fc ), C k (s.A(X,X), sM(Z fc ))) 
C k (s/l(X, Z ) ® Tsyi(Z , Z fc ), C k (k, sM{Z k ))) 
C k (f sA(Z , Z k ),C k (sA(X, Z ), sM(Z k ))) 
C k (f sA(Z , Z k ), sC k (A(X, Z ), M(Z fc )))] . 



Other factors are ignored. 

The composition of continuous maps V — > V is continuous as well. In particular, one 
finds the matrices of Si if and KB\. 



BiK 



Dq,iKi,o Dq 2 K 21 D 03 K s2 

D 1A K lt0 D 1>2 K 2jl D lt3 K 3t2 

D 2 ,2^2,l ^2,3^3,2 

^3,3^3,2 



KB 1 















KiflDofi #i,oA),i Ki >0 D 0j2 
^2,1^1,1 K 2A D li2 

^3,2^2,2 
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We have D k+lk+ iK k+lk + K k+ i k D kk = for all k ^ 0. Indeed, conjugating the expanded 
left hand side with C k (l, [— l]s) we come to the following identity: 

[C k M(X, Z ) <g> fsA(Z , Z k )^{sA{X, X), sM(Z k ))) 

C k (l,m^)+C k (E p+ ^ fc 1®*®6i®1®«,1) 



C k (s.A(X, Z ) ® f M(Zo, Z fe ), C k (s./l(X,X), sM(Z fe ))) 
^ ^o) 



- t(1 '^ (xi °' 1)) > C k (aA(X, Z ) ® TsA(Z , Z k ), C k (k, S M(Z fc ))) 



C k (T &A(Z , Z fc ), C k ( S yi(X, Z ), sM(Z fc )))] 
+ [C k (s.A(X, Z ) <g> f sA(Z , Z k ),C k (sA(X,X), sM(Z fc ))) 

c k ( s yi(x, z ) ® f s yi(Zo, z fc ), c k (k, sM(z fe ))) 
c k (f s yi(z , z fc ), c k ( s yi(x, z ), sM(z fc ))) 

► Q.k{TsA{Z , Z k ),C k {sA{X, Z ), sM(Z k )))\ = 0. 

After reducing all terms to the common form, beginning with C k (l, C k (xi^, 1)), all terms 
cancel each other, so the identity is proven. 

Therefore, the chain map a = aT + B\K + KB\ is also represented by an upper- 
triangular matrix. Its diagonal elements are chain maps a kk : V k — > V k . We are going to 
show that they are homotopic to identity maps. 

Let us compute the matrix element a 00 : Vo — > V — YlzeObA s ^ k (^l(X, Z), M(Z)). 
We have 

a 00 pr z = (aT + B.K^) Wz :V -*V sC k (.A(X, Z), M(Z)). 
In the expanded form these terms are as follows: 

aT oWz = -[V -^ sC k (A(X,X),M(X)) C k (sA(X,X),sM(X)) 

£kix '^' 1 \ C k (k, sM(X)) = sM(X) ^> C k (sA(X, Z), sA(X, Z) <g> sM(X)) 

C k (sA(X, Z), sM(Z)) S C k (.A(X, Z), M(Z))] , 
B 1 K lfiWz = [(1 ® /O^ + (if? ® l)6f k ]K li0 pr z , 

(i ® /l)6 f k = [Vo s c k (yi(x,x),M(x)) 

c k ( s yi(x, z), s yi(x, z) ® sC k (yi(x, x),m(x))) 

c k ( s yi(x, z), sC k (/i(x, x), m(x)) ® z)) 

^^C k (sA(X,Z),sC k (A(X,X),M(X))^sC k (M(X),M(Z))) 



c k ( s /i(x, z), s c k (yi(x, x), m(z)))] , 
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[H* ® l)bf = [V sC k (A(X,Z),M(Z)) 

C k (sA(X, Z), sA(X, Z) <g> sC k (A(X, Z), M(Z))) 

&(1 ' H ' 81) > c k (*A(x, z), s c k (yi(x, x), yipr, z)) ® s c k (yi(x, z), M(z))) 



c k M(x, z), s c k OA(x, x), m(z)))] , 



K lfi Wz = [V 1 ^C k (sA(X,Z),sC k (A(X,X),M(Z))) ^ s ~ 1[1] \ 

C k (sA(X, Z),C k (sA(X, X), sM(Z))) C k ( S .A(X, Z), C k (k, sM{Z))) 

= C k (sA(X, Z), sM(Z)) t% s C k (A(X, Z), M(Z))] . 

We claim that in the sum 

aoo Wz = « T o Wz +(! ® fi)f^K lfi Wz +( H i ® 1)6^^1,0 pr z 

the first two summands cancel each other, while the last, (H* <g> l)&§ k X li0 , is homotopic 
to identity. Indeed, aT pr z +(l <g> Jijb^Kx Q pr z factors through 

- [ S C k (.A(X,X),M(X)) C k M(X,X), S M(X)) C k (k, S M(X)) 
= sM(X) C k (s/l(X, Z), s.A(X, Z) <g> sM(X)) ^ {1 ' cb ™\ C k (s./l(X, Z), sM(Z))] 

+ [sC k (.A(X, X), M(X)) C k ( S yi(X, Z), sA(X, Z) ® sC k (A(X, X), M(X))) 

c k ( s yi(x, z), sC k (yi(x, x), m(x)) ® s yi(x, z)) - k(1 ' Wl) > 

C k M(X, Z), .C k (yi(X, X), M(X)) ® sC k (M(X), M(Z))) 



C k ( S yi(X, Z), sC k (A(X, X), M(Z))) C k (aA(X, Z),C k (sA(X, X), sM(Z))) 



C k (l,C k ( x i^,l)) 



C k ( S yi(X, Z), C k (k, sM(Z))) = C k (sA(X, Z), sM(Z))] . 



It therefore suffices to prove that the above expression vanishes. By closedness this is 
equivalent to the following equation: 

- [sA(X, Z) ® sC k (yi(X, X), M(X)) ms ~ 1[1 \ S A(X, Z) ® C k (sA(X, X), sM(X)) 

^- kUi "' 1} > sA(X, Z) ® sM(X) -^U sM(Z)] 
+ [sA(X, Z) ® sC k (A(X, X), M(X)) — sC k (.A(X, X), M(X)) ® sA(X, Z) 

^ sC k (yi(X, X), M(X)) ® sC k (M(X), M(Z)) sC k (.A(X, X), M(Z)) 



1(11 C k (sA(X,X),sM(Z)) -^v' 1 ] C k (k,sM(Z)) = sM(Z)] = 0. 
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Canceling c and transforming the left hand side using ( f4.2|) we get: 

- [sC k (A(X, X), M(X)) ® sA(X, Z) s ~ %[1] ®\ C k (sA(X, X), sM(X)) ® s^X, Z) 
mhs ~ 1[1 \ C k (sA(X, X), sM(X)) ® C k (sM(X), sM(Z)) 

-A C k (s/l(X, X), S M(Z)) 6t(xi °' 1) > C k (k, sM(Z)) = sM(Z)] 
+ [sC k (A(X, X), M(X)) ® s.A(X, Z) s ' Ml]01 > C^sApf, X), sM(X)) <g> s.A(X, Z) 
10/13-1 M > C k (s.A(X, X), sM(X)) ® C k (sM(X), sM(Z)) 

- k(xi °' 1)01 > C k (k, sM(X)) ® C k (sM(X), S M(Z)) -^U sM(Z)] = 0. 

The above equation follows from the following identity which holds by the properties of 
the closed monoidal category C k : 

[C k (sA(X, X), sM(X)) ® C k (sM(X), sM(Z)) — ^ 

C k (syi(X, X), sM(Z)) C k (k, sM(Z)) = sM(Z)] 



= [C k (a/l(X, X), sM(X)) ® C k (sM(X), sM(Z)) 
C k (k, sM(X)) <g> C k (sM(X), sM(Z)) = sM(X) <g> C k (sM(X), sM(Z)) sM(Z)] . 

This is a particular case of identity ( |0.4| ) combined with (|0.3|). 

Now we prove that (iff" g) 1)6 2 X 10 is homotopic to identity It maps each factor 
sC k (yi(X, Z), M(Z)) into itself via the following map: 

[sC k (A(X, Z),M(Z)) ^ C k (sA(X, Z), sA{X, Z) ® sC k (A(X, Z),M(Z))) 

C k M(X, Z), sM(Z)) £% sC k (A(X, Z), M(Z))] , 

where 



P = - [sA{X, Z) <g> sC k (A(X, Z), M(Z)) 



ni-;- 



C k (s.A(X, X), sA(X, Z)) ® C k (sA(X } Z), sM(Z)) 

C k {sA{X, X), sM(Z)) 'H C k (k, sM(Z)) = sM{Z)] 
[sA(X, Z) ® sC k (.A(X, Z), M(Z)) 18,-1 [ H sA(X, Z) ® C k (sA(X, Z), sM(Z)) 
coevCk 01 > C k (s/l(X, X), s.A(X, X) <g> s.A(X, Z)) <g> C k (s.A(X, Z), sM(Z)) 

- k(1 ' b2)01 > c k ( s yi(x, x), s yi(x, z)) ® c k (s/i(x, z), s m(z)) 

- k(xi ° ,1)01 > c k (k, s yi(x, z)) ® c k ( s yi(x, z), s m(z)) -^u s m(z)] 
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= - [sA(X, Z) ® sC k (A(X, Z),M{Z)) Ws 1[1] > s.A(X, Z) ® C k (s/l(X, Z), sM(Z)) 
coevCk ® 1 > C k (k, k ® sA(X, Z)) ® C k (sA(X, Z), sM(Z)) 

c k( i,Ui>i) fc2) ^i z) ^ c k ( s .A(X, Z), S M(Z)) A sM (Z)] 

= - [sA(X, Z) ® sC k (.A(X, Z), M(Z)) 18B " 1[ H s yi(x, Z) <g> C k (s/l(X, Z), sM(Z)) 

C* 1 "® 1 * 62 ® 1 , sA(X, Z) ® C k (sA(X, Z), sM(Z)) sM(Z)] . (A.31) 

It follows that 

(i2* ® 1)6^^,0 = - [sC k (A(X, Z), M(Z)) C k M(X, Z), S M(Z)) ^ 

c k ( s yi(x, z), s yi(x, z) ® c k M(x, z), s m(z))) g^klg^g^ 
c k (8A(x, z), s .a(x, z) ® c k ( s yi(x, z), sM(z))) - k(1 ' evCk) > 

C k ( S yi(X, Z), sM(Z)) -^4 sC k (/l(X, Z), M(Z))] . 

Due to | Lyu03 , Lemma 7.4] there exists a homotopy ft/' : s^4(X, Z) — > sA(X, Z), a map 
of degree —1, such that (xtf ® 1)&2 = ~ 1 + ft"&i + b\h" . Therefore, the map considered 
above equals to 

id,c k(W ),M ( z)) - [sC k (A(X, Z), M(Z)) i3 C k (aA(X, Z), sM(Z)) 

C k (s/l(X, Z), Z) ® C k (s/l(X, Z), sM(Z))) 

c^i.^+w®!) c k ( s yL(x, Z), s.A(X, Z) ® C k (s/l(X, Z), sM(Z))) 
C k (sA(X, Z), S M(Z)) ^ *C k 0A(X, Z), M(Z))] 
= (id s ^ k (^(x,z),M(z)) +&f k ^oo + ^oo & T*) > 

where 

^oo = [^C k (yi(X, Z), M(Z)) C k (s.A(X, Z), sM(Z)) 

^(&A(X, Z), sM(Z)) ^ sC k (A(X, Z), M(Z))] . 

Indeed, bf k K' 0Q + K' 00 bf k is obtained by conjugating with [— l]s the following expression: 

m^C k (ft", 1) + C k (ft", l)m^ = (-C k (l, b™) + C k (6 x , l))C k (ft", 1) 

+ C k (ft", 1)(-C k (l, 6 M ) + 1)) = -C^ift" + h"h, 1). (A.32) 

The rest is straightforward. Therefore, [H^ ®l)b^K\fl and aoo are homotopic to identity. 
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Now we are proving that diagonal elements a k k '■ Vk - * Vk are nomotopic to identity 
maps for k > 0. An element r fc+1 G V^+i is mapped to direct product over Z , . . . ,Z k G 
Ob.A of 

r fe+1 i^i,* = coev^^ 

TsA(Z , Z fe ) -> sCkC/lpf, Z ), M(Z fe )). 

Here r £*J 0, - ,z * : s.A(X, Z ) ® f M(Z , Z fe ) -> sC k (7l(X, X), M(Z fc )) is one of the coordi- 
nates of r k+1 . 

Thus, TkDk,k+iKk+i,k is the sum of three terms (|A.33a|) -( |A.33c|) : 

^\x, Zo) ,* CdsA(X, Z ), ( r f ^-.^ ® /^^[l^Utf, l))[-l]a : 

TsA(Z , Z k ) -> sCJ^X, Z ), M(Z fc )), (A.33a) 

where r f z °>-> z ^ ■ S A(X, Z ) ® f sA(Z , Z fe _ x ) -> sC k GA(X, X), M(Z fc _ x )). Since 6§ k = 
(s ® s)^ 1 m 2 s = — (gi s _1 )m 2 s, and [1] is a differential graded functor, we have 

Identity (p.4j) gives 

(r* ® /O^a-Mll^Uio 1 , 1) = "(r**" 1 !!] ® /i^D"^^ 1) 

= -(rfcs-^l] ® /is-'tlDCCkU^ 1 , 1) ® l)mf k = (r^-^llCkU^ 1 , 1) ® /i^fl])^ 

(we have used the fact that (^(xioS 1) has degree —1 and fis' 1 has degree 1). 
coev^ (XZo) ^( s ^ 

fsA{Z , Z k ) -> sC k (.A(X, Z ), M(Z fc )), (A.33b) 
where r Zo '"'' Zfc : TsA(Z , Z fc ) — > sC k (A(X, Z ), M(Zfc)). Similarly to above 
(tff ®r fe )&f k s~ 1 [l] = (-r+W^W ^r^flDm^, 

so that 

® ^^[l^utf, i) = (-r+W^W ® ^[idc^u^, i) ® i)mf k 

(r fc s _1 [l] has degree degr + 1 and C k (xio, 1) has degree —1). 
For each p, q, such that p + q = k — 1 

coev^ (x>Xo)j , C^.A(X, Z ), (1* ® b 2 ® l^s^l^Utf , 1))[-1]« : 

T S A(Z , Z fe ) -> sC k (yi(X, Z ), M(Z fe )), (A.33c) 
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where r k means 

r x,z ,...,z p ^z p+1 ,...,z k . f&A ( X) z ^ ; ; Zfc) ^ sC k (/l(X, X), M(Z fc )), 

and Z_i = X. 



Thus, r k D k>k+1 K k+ljk = coev^ XtZo ^C k (sA(X,Z ),Tli)[-l]s, where 
Si = (r^-^^IllCkU^, 1) ® /i S - 1 [l])m^ 



2 



- ^ ® & 2 ® l^)rf ' Zo '-' Zj '- 1 ' Zp+1 '-" Zfc S - 1 [l]C k ( x i^ 1) : 

p+ij=fc— l 

s.A(X, Z ) <g> TsA(Z Q , Z k ) -> sM(Z fc ). 
Similarly, r k K k ^ k -\D k -\^ is the sum of three terms ( |A.34a| )-( [A.34c| ). 

= -(coev s C V^o),*^( s ' /l ( X ' Z o),r fcS - 1 [l]C k Uiif,l)) 

f S yt(Z , Z fc ) -> sC k (yi(X, Z ), M(Z k )), (A.34a) 

where r k means r k ' fc_1 : TsA(X, Z , . . . , Z^-i) — > sC k (A(X, X), M(Zfc_i)). Here we 
use formulas (|0.5|) and (|A.27|) . 

{ coe ^\(x,Zo),sA(z Q ,z 1 )tk{A{X,Z ),b 2 )[-l}s 
= (-) r (coev^ ( } (z , C k (s.A(X, Z ), 6a) 



®coev^ M)i ,C k ( S yi(X,Z 1 ),r feS - 1 [l]C k Ui^l)))m^[-l] S 

coev s C Wo),* CfcM^, ^o), (6a ® l^Ks-Ml^Utf, l))[-l]a : 

T Sl A(Z , Z fe ) -> sC k (.A(X, Z ), M(Z fe )), (A.34b) 



where means r ^"' Zl, ---' Zfc : Ts.A(X, Zi, . . . , Z&) — > sC k (A(X, X),M,(Z k )). We have used 
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that r k s 1 [l]C k (xi'o, 1) has degree degr and formula (|0.5|) . 

® 6 2 ® 1®') coev*. , C k ( S A(X, Z ), ^[l^Utf, ^h 1 )* 



syi(x,z ) 

' s yi(x,Zo) r 



( uev c V. ^ » C k (sA(X, Z ), 1 0P+1 ® & 2 ® l 09 ) 



C k ( S yi(X, Z ), r^-^lJC^Ui^, 1)) 
= coev^^ C k ( S A(X, Z ), ® 6 2 ® l^s^l^Utf , 1)) [-l]a : 

TsA(Z , Z k ) S C k (>l(X, Z ), M(Z fc )), (A.34c) 

where is the map 

r x,z ,...,z p ,z p+2 ,...,z k . fs>A(X) ^ ^ ^ ^ _ } Zfc) _> s C k (yi(X, X), M(Z k )). 

Here we use functoriality of coev Ck . 

Thus, r k K k>k _iD k _ ljk = coev^ X Zo) ^ C k (h x Z , E 2 ) [-l]s, where 

E 2 = -(rf A -- Zh - 1 a - 1 [l]C k Uio L , 1) ® 

+ (-r(& 2 ® i 8 *- 1 )^ ■ Zl -- i V 1 [i]c k Utf , 1) 

" (-) r-1 (1® P+1 ® &2 ® l 09 )rf • Zo -"' Zp,Zp+2 '-' Zfc S - 1 [l]C k Ui^ 1) : 

p+g=fc-2 

sA(X, Z ) ® f &A(Z , Z fe ) -> sM(Z fc ). 

The element rK has degree degr — 1, so the sign (— ) r_1 arises. Combining this with the 
expression for r k D k)k+ iK k+lik we obtain 

r k D kyk+1 K k+Xjk + rkK k ,k-iD k -i,k = coev ^A(x,z ),*^k( s M X ^ z o), E)[-l]s, 

where E = £i + £ 2 . We claim that E = (#f s^ll^Utf, 1) ®rf°"-' Zfc s- 1 [l])mf Jk . Indeed, 
first of all, 

+ ^ (l^ +1 ®fo 2 (8)l® 9 )rf' Zo '---' Zp ' Zp+2 '---' Z ^- 1 [l]C k (xi^l) 

p+cj=fc-2 

= Yl C 1 ®" ® 6 2 ® l^)r^^ Zp - uZp+1 ^ Zh s- 1 [l]C k ( x '4, 1), 

p+q=k— 1 

so that 

E = (rf • 2b -" A - l a - 1 [l]C k Utf > 1) ® /i^flDmf* 

+ (Ff s^Utf , 1) ® ^° •-' Zfc f- 1 [l])mf k - (rf^-^^IllCkU^ 1) ® : 

sA(X, Z ) ® Tsyi(Zo, Z fc ) -»■ sM(Z fc ). 



Ill 



Note that 

m & = ev c k . s M(Z k ^) ® C k {sM(Z k ^),sM(Z k )) 

= C k (k, sM(Z fc _i)) ® C k (sM(Z fc _ 1 ), sM(Zjfc)) -> sM(Z fc ) = C k (k, sM(Z fc )), 

therefore the first and the third summands cancel out, due to ( |4.2[ ). Hence, only the 
second summand remains in E = (H^ s~ 1 [l]C k (xi'o,^-) ® r^°''"' Zfc s _1 [l])mf k . It follows 
that 



rkDk,k+\Kk+i,k + rkK k} k-iDk-i,k = [TsA(Z , Z, 



coev 
k) 



C k (s.A(X, Z ), Z ) ® Ts/l(Zo, Z fc J) > 

C k (l,mf k ) 

C k (s.A(X, Z ), C k (k, sA(X, Z )) ® C k (s.A(X, Z ), sM(Z fc ))) ||— 

C k (l,ev c k) 

[-1]* 



[TsA(Z , Zk) C k M(X, Z ), sM(Zk)) — 



C k M(X, Z ), sM(Z fe )) sC k (A(X, Z ), M(Z k ))] 



C k (s.A(X, Z ), &A(X, Z ) ® C k (sA(X, Z ), sM(Z fc ))) 

c k ( s yi(x, z ), sA(x, z ) ® c k ( s /i(x, z ), sM(z fc ))) - k(1,cvCk) > 

C k (s.A(X, Z ), sM(Z fc )) J=Hf> sC k (/l(X, Z ), M(Z fc ))] 
= [fsA(Z ,Zk)^^C k (sA(X,Z ),sM(Z k )) — 

C k M(X, Z ), Z ) ® C k ( S /l(X, Z ), S M(Z fc ))) ^(^-Mil^xi^D.i) 

c k M(x, z ), s a(x, z ) ® c k ( s /i(x, z ), sM(z,))) ^ k(1 ' cvCk) > 

c k ( s yi(x, z ), S M(z fc )) s c k (yi(x, z ), M(z fc ))] 

= [T&A(Z ,Z fc ) -^ S C k (yi(X,Zo),M(Z fc )) ^%C k (sA(X,Z ),sM(Z k )) 

&(Hj r «-Mi]c t U^,D,i) ; c k ( s /l(X, Z ), sM(Z fc )) S C k (/l(X, Z ), M(Z fe ))] . 

Note that 

Ffs-^lJCtUi^ 1) = -Utf ® 1)&2 = 1 - ti'h - hh" : sA(X, Z ) -> S yL(X, Z ) 
(compare with ( |A.31| )). We see that for k > 

Ofcfc = D kjk +iK k+ i t k + K ki k-\Dk-i,k — 1 + <? : 

c k (f s yi(z , z fc ), s c k (yi(x, z ), M(z fc ))) 

- c k (f s yi(Zo, Z fc ), sC k (^(X, Z ), M(Z fc ))), 
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where g = -C k {TsA(Z , Z k ),s 1 [l]C k (/i"&i+6i/i", l)[-l]s). More precisely, D kM1 K k+ljk + 
K k k _iD k _i^ k is a diagonal map, whose components are 1 + g. We claim that g = 

m T k ^'kk + K'kk' m l M i where 

K' kk = C k (TsA(Z , Z k ), s- l [l]C k {h\ l)[-l] a ). 

Indeed, = C k (l, 6^) - C k (E P+?=fc - 1 (l^ ® &i ® 1®*), 1), so that 

m^ = (C k (l,6^)-C k ( £ 1«* ® 6i ® 1))^(1, 1)[-1]«) 

p+q=k — 1 

= C k (l,^ s - 1 [l]C k (/i w > l)[-l] a ) 

+ C k (l, S - 1 [l]C k (/ i ",l)[-l] S )C k ( £ l*®^® 1^,1), 

p+q=k— 1 

^L^f k = c k (i, ^Mijca^', (c k (i, 6^) - c k ( ^ p ®h®i® q ,i)) 

p+q=k — 1 

= C k (l, s - 1 [l]C k (/ i ",l)[-l] s ^) 

-C k (l, S - 1 [l]C k (/ i ",l)[-l] S )C k ( £ 1^®^®^,!). 

p+q=k— 1 

Therefore, 

i^mf* + mf^ fc = C k (l, b^s-'m^h", l)[-l]a + ^[IJC^", l)[-l]^f k ) 

By ( |Q2D we have mr k C k (/i", 1) + C k (/i", l)mj k = C k (/i"&i + 1), so that 

K' kk m^ + mf>K' kk = -C k (l, s^l^'h + b x h!\ \)\-\\s) = g. 

Summing up, we have proved that 

a = «T + B X K + KB X = 1 + B X K' + liT'Si + N, 

where K' : sA 00 (A; C k )(H x , f) — > sA^/l; C k )(ff x , /) is a continuous k-linear map of 
degree —1 determined by a diagonal matrix with the matrix elements 

Kk = <k(TsA(Z , Z fc ), s- 1 [l]C k (/i", l)[-l]s) : 14 - 14, 

If^ = for k I, and the matrix of the remainder iV is strictly upper-triangular: iV^ = 
for all k ^ I. Lemma |A.4j is proven. □ 

The continuous map of degree 

«T + Bx(K - K') + (K - K')B X = 1 + N : V -»• V, 
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obtained in Lemma |A.4| , is invertible (its inverse is determined by the upper-triangular 
matrix J^°^ (— N) 1 , which is well-defined). Therefore, aT is homotopy invertible. We 
have proved earlier that Yet is homotopic to identity. Viewing a, T as morphisms of the 
homotopy category H°(C k ), we see that both of them are homotopy invertible. Hence, 
they are homotopy inverse to each other. Proposition [A.3| is proven. □ 

Homotopy invertibility of T = Uoo implies invertibility of the cycle fioo up to bound- 
aries. Hence the natural ^^-transformation Q is invertible and Theorem A.l is proven. 

□ 

A. 5 Corollary. There is a bijection between elements of H°(M.(X),d) and equivalence 
classes of natural A^-transformations H x — » / : A — > C k . 



The following representability criterion has been proven independently by Seidel [ SeiOfc , 
Lemma 3.1] in the case when the ground ring Ik is a field. 

A. 6 Corollary. A unital A^-functor f : A — > C fc is isomorphic to H x for an object 
X G Ob .A if and only if the X- functor kf : kA — > % = kC k is representable by X. 

Proof. The A^-functor / is isomorphic to H x if and only if there is an invertible natural 
Aoo-transformation H x — > / : A — > C k . By Proposition |A.3| , this is the case if and only if 
there is a cycle t G M(X) of degree such that the natural Aoo-transformation (ts)T is 
invertible. By [ ]CyuD3L Proposition 7.15], invertibility of (ts)T is equivalent to invertibility 
modulo boundaries of the 0-th component (ts)T of (ts)T. For each Z G ObA, the 
element z{ts)T of C k (A(X, Z),M.(Z)) is given by 

z (ts)T = - [A(X, Z) -U sA{X, Z) {ts ® 1)h *\ S M(Z) M(Z)] 
= - [A(X, Z) sA(X, Z) ^Il£X sM(X) <g> C k (M(X), M(Z)) -^E 

sM(X) ® C k (sM(X), sM(Z)) sM(Z) M(Z)] 
= - [A(X, Z) s.A(X, Z) ts(8/ia " 1 ) sM(X) ® C k (M(X), M(Z)) ^> 

M(X) <g> C k (M(X), M(Z)) M(Z)] 
= [A(X, Z) mshs ~\ M(X) <8> C k (M(X), M(Z)) M(Z)] . 

By Proposition |L6|, the above composite is invertible in C k (A(X, Z), M(Z)) modulo 
boundaries, i.e., homotopy invertible, if and only if kf is representable by the object 
X. □ 
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A. 7 Proposition. So defined f2 turns the pasting 




Aqq (A.', CJ p , A 00 (/l; C^ 

into the natural A^-transformation defined in Corollary \5. 7f . Equivalently, the ho- 
momorphism of TsA op -TsA op -bicomodules : %a o v — > »'A 00 (A', Q^w coincides with 
(1 ® 1 ® £2J • 15 : x £^- — > jyApp (71; CJ^. In other terms, 

[TsA op ® syi op ® Ts.A op Ts/l op sAoo(yL; CJ] 

= [TsA op ® s.A op ® Ts.A op T S yi op ® ® TsAoc(yi; C J sA^jA; CJ] . 

Proof. Since 15^; = if Z > 1, the above equation reduces to two cases: 



[T k sA op ® sA op ® T m sA op sAoo(A; CJ 

= [T fe s.A op ® sA op ® T m sA op 10 ^ Wm > T k sA op ® s£ r ® sA^A; C k 



— * gApo (A; C| 



if m > 0, and if m = 

[T k sA op ® s.A op ® T° S yi op ^ sAgc(yi; CJ] 

= [T k sA op ® s^l op ® T°s/l op 181 ® T ° r > T fc s.A op ® s£^ ® T^A^A; CJ 



^fcO 



sAoo^jCk)]. (A.35) 



The first case expands to 
[T k sA op (X 0l X k ) ® s.A op (X fc , F ) ® T m S /l op (F , r m 



fc + l + m 



sA^(A-C k )(H x °,H Y -)} 



[T k sA op (X , X k ) ® S yi op (X fc , r ) ® T m s yL op (F , K m ) 

T k sA op (X , X k ) ® X fc # y ° [1] ® sA^yi; C J (# y °, 

^aA 00 (./l;C k )(tf*> ) ff y "' 
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The obtained equation is equivalent to the system of equations 

[T k sA op (X , X k ) <g> sA op (X k , Y ) <g> T m sA op (Y , Y m ) 

sA^(A; C k )(# X( \ H Y ™) C k (T n sA(Z , Z n ), sC k 0A(X o , Z ),A(Y m , Z n )))] 
= [T k sA op (X , X k ) <g> sA op (X k , Y ) ® T m sA op (Y , Y m ) 

T k sA op (X , X k ) ® X k H Y ° [1] ® sAJlA; CJ (tf y °, tf y ™) 

^> C k (T" S yi(Zo, Z n ), s^AiXo, Z ),A(Y m , Z n )))] , 

where n ^ 0, Z , . . . , Z n e Ob .A. By closedness, each of these equations is equivalent to 

pT^Zo, Z n ) <g> T fe S A op (X , X k ) <g> sA op (X fe , F ) ® T m S yi op (F , F m ) 
l8 "^ +1+m : T" S yL(Z ,Z ra ) ® sA^(A;C k )(H x °,H Y -) 

T n sA(z , z n ) ® c k (T" S A(z , z n ), sC k (yi(Xo, z ), >i(y m , z n ))) 

sC k (A(X ,Z ),A(Y m ,Z n ))] 



ev'-k 



[T n s yi(Zo, z n ) ® T fc s yi op (Xo, x fc ) ® s yi op (x fc , r ) ® T m s yr p (y , i^) 



T n S yi(Zo, Z n ) ® T k sA op (X , X k ) ® X k H Y »[l] ® sA^(yi; CJ(# y °, # y ™) 

s c k (yi(Xo,z ),yi(y m ,z n ))]. 



The left hand side equals (l® n ®^+i +m ) ev^ = ((1, ^) ev A ° c )„ jfc+ i +m = (Hom yl op)„ ifc+1+m 
by definition of the Yoneda Aoo-functor : .A op — > A^yi; C k ). The right hand side equals 

[T" s yi(z , z„) ® T fe s yi op (x , x fc ) ® s.A op (x fe , y ) ® T m s yr p (y , ^) 



T" S yi(Z , Z n ) ® T fc S yi op (X , X fc ) ® X fc # y, [l] ® sA^(.A; C k )(# y \ # y ™) 



coev c li 



C k (sA(X , Z ), &A(X , Z ) <g> T n sA(Z , Z n ) <g> T k sA op (X , X, 



® X fc tf y >[l] ® sA^/l; C k )(tf y °, H Y ™)) 

&k(1 ' PCrm) > C k (sA(X , Z ), X fc # y » [1] ® T fc S yi(X fe , X ) ® &A(X , Z ) 

® T" S yi(Z , Z n ) ® s Aoo(yi; C k )(# y °, # y ™)) 

&(i.i®^?i +n ,i) c k ( syl (Xo, Z ), X fe tf y °[l] ® sC k (X fc iJ y °, Z n tf y ™)) 

C k ( S yi(Xo, Z ), X k H Y »[l] ® C k (X k H Y °[l], Z n H Y -[l])) 

c k Mpr , z ), z n # y ™[i]) J=^ c k (yi(Xo, z ),yi(r m , z n ))] 
= [ T « syl ( Zo) Zn ) ® T fc s yi op (x , x fc ) ® s yr p (x fc , r ) ® T m s yL op (r , v m ) 
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C k (sA(X , Z ),sA(X , Z ) ® T" s yi(Zo, Z n ) ® T fc s.A op (X , X fc ) 

® s^X*, F ) ® T m S yi op (Fo, Y m )) 

&t(1 ' Perm > C k (^(X , Z ), X fe # y ° [1] (8) T fc S .A(X fc , X ) ® syt(X , 2b) 

(8) T"s.A(Z , Z n ) ® T m sA op (Y , Y m )) 

^— fc+1+ " lJ > C k M(X , Z ), X,tf y ° [1] ® S C k (XfciJ y Z n tf y ™)) 

&(1 ' 18 " 1[1] k k (^(Xo,Z ),X fc g y °[l]®C k (X fc if Y »[l],Z n g y -[l])) 

c k M(x , z ), z n # y ™[i]) i^i c k (^(x , z ),.A(Y m , z n ))] 



fc+1 [T n sA(z 0l z n ) ® T fe s yi op (Xo, x fc ) ® s yi op (x fc , F ) ® T m s yi op (r , y„ 

C k ( S A(X , Z ), &A(X , Z ) ® T" S yi(Zo, Z n ) ® T fc s yt op (X , X fc ) 



® ^ op (x fc , y ) ® T m s yr p (y , ^)) 
£k(1,perm) > c k ( s /i(x , z ), x k H Y ° [i] ® T fc s yi(x fe , x ) ® s yt(x , z ) 

® T" S yi(Zo, Z n ) ® T m sA op (Y , Y m )) 
c k (i^(Ho m .o P ) fc+1+n „ j c t(syl(Xo! z ), X fc tf y [l] s> S C k (X fc ^>, Z n tf y ™)) 

C k ( g -A(Xo,Zo),X fc ff y °[l] C k (X fc ff y °[l]^ w F y -[l])) 

C k (^(X ,Z ),Z n iJ y ™[l]) ^(A(X ,Z ),.A(y m ,Z n ))] (A.36) 

by the same argument. By ( |5.15|) the composite (1 ® (Hom J q.o P ) fc+1+n ev Ck from 

the above expression is given by 

(-) m [sA(Y , Xfc) ® T fc S yi(Xfc, X ) ® sA(X , Z ) ® T n S yL(Z , Z n ) ® T m s yL op (F , I'm) 
T m S yi(F m , F ) ® XO ® T fc S yi(Xfc, X ) ® s-A(X , Z ) ® T n S yL(Z , Z n ) 

► sA(r m , z n )j , 

therefore ( |A.36| ) equals 

(-) fc+1+m [T n sA(Z , Z n ) <g> T k sA°v(X , Xfc) ® S yi op (Xfc, F ) ® T m S yL op (F , K m ) 
^ C k (s.A(X , Z ), &A(X , Z ) ® T" S /L(Z , Z n ) ® T fc s.A op (X , Xfc) 



s yi op (Xfc, Y ) ® T m s yL op (r , r m )) 

£ ( '"" m) - C k ( S /l(Xo,Zo),T m S yi(F m ,Fo) ® sA(Y ,X k ) ® T fc S yL(Xfc,X ) 

® &A(Jf , z ) ® T n s yi(z , Z n )) 

c t (i.^ + i +fc+ i +n ) c k ( s yi(x , z ), s yi(y m , z n )) J=^ s c k (A(x , z ),A(Y m , z n ))] , 



which is (Hom yl op) ni fc +1+m by (|5.15| ). The first case is proven. 
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Let us study the second case, which is equation (|A.35|) . It expands to 



[T k sA op (X ,X k ) <g> sA°v(X k ,Y) ® T°sA op (Y,Y) ^ sA^(A; ^(H* , H Y )] 
= [T h sA op (X ,X k ) (g> X k H Y [l] ® T°sA 2 o(A;C k )(H Y , H Y ) 

-^sA^A-C^iH**,^)]. (A.37) 



Composing this equation with pr n and using closedness we turn it into another equation. 
By the previous case the left hand side coincides with 

(Hom,o P ) niH1 = (-) fc+1 [T n sA(Z , Z n ) ® T k sA op (X , X k ) ® sA op (X k , Y) 



C k (sA(X , Z ), sA(X , Z ) ® T n sA(Z , Z n ) ® T k sA op (X , X k ) ® sA op (X k , Y)) 

C k (sA(X , Z ), sA(Y, X k ) ® T k sA(X k , X ) ® sA(X , Z ) ® T" S yi(Z , Z n )) 



^J±^i C k (sA(X , Z ),sA(Y, Z n )) iili sC k 0A(X o , Z„M(Y; ^ 



expressed via (|5.15|) . This has to equal the right hand side which is 



?^^(sA(X ,Z Q ),sA(X ,Z )®T n sA(Z ,Z n )®T k sA o »(X ,X k )®sA(Y,X k )) 

^ (1 ' pcrm) > c k ( s yi(x , z ) , x fc ) ® T fc s yi(x fc , x ) ® f 1+ " s yi(x , z , . . . , z n )) 

Wgg^i+J ^ k(syl(Xo) Zo) j sA (y ; Xfc) g, s C k (A(Y, X k ),A(Y, Z n ))) 
^ Ms ~ 1[1]) > C k (sA(X , Z ),sA(Y, X k ) ® sC k (sA(Y, X k ), sA(Y, Z n ))) 

- k(1 ' cvCk) > c k ( s yi(x , z ), sA(y, z n )) t% s c k (>i(Xo, z ),yi(y, z r 

obtained as (|A.5|) with / = H Y . The required equation follows from the identity 

bf+n+2 = [sA(Y,X k ) ®T k+1+n sA(X k , Z n ) 

sA(y, x k ) ® s c k (/i(r, x fc ), A(y z n )) 



&A(Y, X fc ) ® C k (sA(Y, X k ), sA(Y, Z n )) sA(Y, Z r 



which is an immediate consequence of ( |A.1| ) written for H k+l+n . We conclude that Propo- 



sition [A.7| holds true. □ 
A. 8 Corollary (Fukaya [[Fuk02|| Theorem 9.1, Lyubashenko and Manzyuk [|LM04j| Propo- 



sition A.9). The A^-functor & : A op -> A^(A;C k ) is homotopy fully faithful. 
Proof. By ( |A.37 ), we have 

m = ^oo : sA op (X,Y) - S A^(.A;C k )(tf x ,tf y ), 



for each pair 1,7 6 Ob A. By Proposition [A.3| , the component Oqo is homotopy invert- 



ible, hence so is &\. □ 
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Let Rep(.A, CjJ denote the essential image of & : A op — > A^^jC^), i.e., the full 
differential graded subcategory of A^-A; C k ) whose objects are representable A^-functors 
{X)<& = H x : A -> C k , for X G OWl, which are unital by Remark ^T9| . The differential 
graded category RepA^-A, C k ) is ^-small. Thus, the Yoneda A^-functor : A op — > 
A^(yi; C k ) takes values in the ^-small subcategory Rep(.A,C k ). 



A. 9 Corollary (Fukaya ||Fuk02|| Theorem 9.1, Lyubashenko and Manzyuk ||LM04|| The- 



orem A. 11). Let A be a unital A^-category. Then the restricted Yoneda A^-functor 
: A op — ► Rep(A, C k ) is an equivalence. 

In particular, each ^-small unital Aoo-category is Aoo-equivalent to a ^-small differ- 
ential graded category. 
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